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Wave propagation analysis in 1-D and 2-D composite structures is performed
efficiently and accurately through the formulation of a User-Defined Element (UEL)
based on the wavelet spectral finite element (WSFE) method. The WSFE method is based
on the first order shear deformation theory which yields accurate results for wave motion
at high frequencies. The wave equations are reduced to ordinary differential equations
using Daubechies compactly supported, orthonormal, wavelet scaling functions for
approximations in time and one spatial dimension. The 1-D and 2-D WSFE models are
highly efficient computationally and provide a direct relationship between system input
and output in the frequency domain. The UEL is formulated and implemented in Abaqus
for wave propagation analysis in composite structures with complexities. Frequency
domain formulation of WSFE leads to complex valued parameters, which are decoupled
into real and imaginary parts and presented to Abaqus as real values. The final solution is
obtained by forming a complex value using the real number solutions given by Abaqus.
Several numerical examples are presented here for 1-D and 2-D composite waveguides.
Wave motions predicted by the developed UEL correlate very well with Abaqus

simulations using shear flexible elements. The results also show that the UEL largely
retains computational efficiency of the WSFE method and extends its ability to model
complex features.
An enhanced cross-correlation method (ECCM) is developed in order to
accurately predict damage location in plates. Three major modifications are proposed to
the widely used cross-correlation method (CCM) to improve damage localization
capabilities, namely actuator-sensor configuration, signal pre-processing method, and
signal post-processing method. The ECCM is investigated numerically (FEM simulation)
and experimentally. Experimental investigations for damage detection employ a PZT
transducer as actuator and laser Doppler vibrometer as sensor. Both numerical and
experimental results show that the developed method is capable of damage localization
with high precision. Further, ECCM is used to detect and localize debonding in a
composite material skin-stiffener joint. The UEL is used to represent the healthy case
whereas the damaged case is simulated using Abaqus. It is shown that the ECCM
successfully detects the location of the debond in the skin-stiffener joint.
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CHAPTER I
LIST OF ACRONYMS
The table below lists the acronyms used in this dissertation in alphabetical order:

CCM

Cross-Correlation Method

CLPT

Classical Laminated Plate Theory

DI

Damage Index

DOF

Degree Of Freedom

ECCM

Enhanced Cross-Correlation Method

EOM

Equation Of Motion

FEM

Finite Element Method

FFT

Fast Fourier Transform

FSDT

First Shear Deformation Theory

FSFE

Fourier Spectral Finite Element

LDV

Laser Doppler Vibrometer

MPC

Multi-Point Constraint

NDE

Non-Destructive Evaluation

ODE

Ordinary Differential Equation

PDE

Partial Differential Equation

PEP

Polynomial Eigenvalue Problem
1

PZT

Piezoelectric Transducer

RAPID

Reconstruction Algorithm for the Probabilistic Inspection of Defects

SFEM

Spectral Finite Element Method

SHM

Structural Health Monitoring

SLDV

Scanner Laser Doppler Vibrometer

ToA

Time of Arrival

ToF

Time of Flight

UEL

User Define Element

WSFE

Wavelet Spectral Finite Element
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CHAPTER II
SPECTRALLY FORMULATED UEL FOR 1-D COMPOSITE WAVEGUIDES
Wavelet Spectral Finite Element (WSFE) based user defined element (UEL) is
formulated and implemented in Abaqus (commercial finite element software) for wave
propagation analysis in 1-D composite structures. The WSFE method is based on the
first-order shear deformation theory (FSDT) to yield accurate and computationally
efficient results for high frequency wave motion. Frequency domain formulation of
WSFE leads to complex valued parameters, which are decoupled into real and imaginary
parts and presented to Abaqus as real values. The final solution is obtained by forming a
complex value using the real number solutions given by Abaqus. Four numerical
examples are presented in this article, namely an undamaged beam, a beam with an
impact damage, a beam with a delamination, and a truss structure. A multi-point
constraint (MPC) subroutine, defining the connectivity between nodes, is developed for
modeling delamination in a beam. Wave motions predicted by the UEL correlate very
well with Abaqus simulations using shear flexible elements. The developed UEL largely
retains computational efficiency of the WSFE method and extends its ability to model
complex features.
2.1

Introduction
Composite structures are increasingly used in many industries including

aerospace and automotive due to several advantages over traditional metals such as
3

superior specific strength and stiffness, lower weight, fewer joints, corrosion resistance,
and improved fatigue life [1]. Wave propagation in composite structures has been studied
extensively and applied for transient response prediction, mechanical property
characterization, nondestructive evaluation (NDE), and structural health monitoring
(SHM) [2–10]. One of the main concerns that restrict wider usage of composites is the
complex damage mechanisms which are not well understood. Most common damage
types are delamination between plies, fiber-matrix debonding, fiber breakage, and matrix
cracking resulting from fatigue, manufacturing defects, foreign object impact, etc. Lamb
wave based structural health monitoring, which aims to perform nondestructive
evaluation through integrated actuators and sensors, has been a very active area of
research in the past decade [6–9]. Validated physics-based models for wave propagation
combined with experimental measurements can be used for complete characterization
(presence, location, and severity) of damages.
The modeling of wave propagation in composites presents complexities beyond
that for isotropic structures [2,3]. Analytical solutions for wave propagation are not
available for most practical structures due to the complex nature of the governing
differential equations and boundary/initial conditions. The finite element method (FEM)
is the most popular numerical technique for modeling wave propagation phenomena.
However, for accurate predictions using FEM, typically 20 elements should span a
wavelength [10], which results in very large system size and enormous computational
cost for wave propagation analysis at high frequencies. Spectral finite element (SFE),
which follows FEM modeling procedure in the transformed frequency domain, is highly
suitable for wave propagation analysis [11–15]. SFE models are many orders smaller
4

than FEM and highly suitable for efficient wave propagation analysis. Frequency domain
formulation of SFE enables direct relationship between output and input through system
transfer function (frequency response function). SFE has very high computational
efficiency since nodal displacements are related to nodal tractions through frequencywave number dependent stiffness matrix. Mass distribution is captured exactly and the
accurate elemental dynamic stiffness matrix is derived. Consequently, in the absence of
any discontinuities, one element is sufficient to model a beam or plate structure of any
length.
WSFE is able to accurately model 1-D and 2-D finite structures [13].
Samaratuhga et el. [14] developed WSFE based on the FSDT which was a major
improvement compared to the classical laminated plate theory based models. The
developed WSFE was validated with Abaqus FEM simulations using shear flexible
elements. Excellent correlation was observed in the results and WSFE computation time
was less than two orders of magnitude compared to Abaqus. The WSFE method is coded
in Matlab and it is referred to as WSFE (Matlab) in the rest of this paper. Composite
plates with transverse cracks were also modeled using WSFE (Matlab) and validated with
Abaqus FEM simulations [14,15]. Thus, WSFE is well established for regularly shaped
structures like rods, beams, and plates. However, modeling complex structural features
(holes, cut-outs) and damages (impact damage, delaminations, cracks, etc.) presents
difficulties. These limitations stem from the difficulty in deriving governing equations
and boundary conditions for modeling complex features. Assembling spectral elements of
different types and dimensions would give the ability to model complex structures and
damages while retaining the computational efficiency of SFE [16–18].
5

In this paper, we develop a WSFE-based element implemented in Abaqus through
UEL subroutine for analyzing wave propagation in general 1-D structures. The equations
of motion for wave propagation in thick beams based on FSDT is presented. Daubechies
compactly supported wavelet scaling functions are used to transform spatial and temporal
variables to the frequency domain. UEL formulation for the complex-valued stiffness
terms involves matrix representation for complex numbers since Abaqus cannot process
complex-valued parameters. The developed UEL is used to study wave propagation in a
beam with impact damage as well as delamination. Wave motion in a truss braced beam
is also analyzed as an example of a more general case compared with a cantilever beam.
This work is aimed to promote WSFE method as an efficient tool for wave propagation
modeling by combining computational efficiency of WSFE along with preprocessing and
matrix computation advantages of a commercial software.
2.2

Wave motion in thick composite beams
Wave propagation in thick beams can accurately be described when the

displacement field is based on the FSDT [11,12]. Mitra and Gopalakrishnan [19]
presented a spectral finite element model (SFEM) for analysis of axial–flexural–shear
coupled wave propagation in thick laminated composite beams based on FSDT. Here we
follow a similar formulation procedure and only the key steps are mentioned for
completeness as our goal here is to take this work a step further and implement it in the
commercial FE package Abaqus. The beam considered (shown in figure 2.1) has three
degrees of freedom (DOFs), namely axial (u), flexural (v) and shear displacements ( ).

6

Figure 2.1

Beam in X-Y plane with corresponding degrees of freedom

The displacement field of the beam shown in figure 2.1 based on FSDT is given by

u ( x, y, t )  uc ( x, t )  y ( x, t )
v( x, y, t )  vc ( x, t )

(3.1)

where u and v are axial and transverse displacements, respectively, at any material point
on the beam. The terms uc and vc are the beam axial and transverse displacements along
the reference (mid) plane. Counterclockwise rotation of the beam cross-section about the
Z-axis is given by  . The term y is the distance along the Y-axis measured from the
neutral axis (mid plane) to the point being considered. The governing wave equations can
be written using Hamilton’s principal [19,20] as

 2 uc
 2 uc
 2
 2

B

I

I
0
11
0
1
x 2
x 2
t 2
t 2
  2v  
 2v
 A55  2c    I 0 2c  0
t
 x x 
A11

 B11

 2 uc
 2 uc
 2
 2
 vc 





D
A

I
I
11
55 
 1 2 2 2 0
x 2
x 2
t
t
 x


(3.2)

Here the variables appearing in the above equations A11 , A55 , B11 and D11 are the stiffness
constants of the composite laminate which are functions of individual ply properties, ply
7

orientation, etc. and are integrated over the beam cross-section. Terms Ii (i = 0, 1, 2) are
moments of inertia. In order to compensate transverse shear mismatch with the exact



theory, a constant shear correction factor

is used. The natural boundary conditions for

the above beam can be written as

uc

 B11 ,
x
x
 v

Qx   A55  1c    ,
 x

u

M xx   B11 c  D11
x
x
N xx  A11

(3.3)

The definitions of laminate stiffness constants and moments of inertia and details of
deriving the above governing equations can be found in [20].
2.3

Reduction of wave equations to ODEs
The WSFE formulation begins with transformation of the field variables

(displacements) to the frequency domain using the Wavelet transform. Daubechies
compactly supported scaling functions are used for approximation in time domain. This
transformation reduces the time and space dependent PDEs to ODEs that only depend on
spatial dimension. Compactly supported scaling functions have only a finite number of
filter coefficients with non-zero values, which enables easy handling of finite geometries
and imposition of boundary conditions. Mitra et al. [19] provides a complete prescription
of the use of Daubechies compactly supported wavelets for wave propagation in thick
beams and only key steps are mentioned here for completeness.
Let the time-space dependent displacement variable u(x, t) be discretized at n
points in the time window (0, tf ) and



= 0, 1, . . . , n−1 be the sampling points, then
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t  t  where t is the time interval between two sampling points. The function u(x, t)

can be approximated at an arbitrary scale as

u  x, t   u  x,    uk  x    k  ,

k Z

k

(3.4)

where uk  x  are the approximation coefficients at a certain spatial dimension and   
are scaling functions associated with Daubechies wavelets. The other translational and
rotational displacements v(x,y,t) and  ( x, y, t ) are approximated in a similar way. Upon
substitution of above approximations into the governing PDEs and using the properties of
translations of scaling functions the set of equations in Eq. 2.2 can be written as n
simultaneous sets of ODEs. Here, n is the number of frequency iterations associated with
the problem. For example, the first equation of Eq. 2.2 becomes:
2

2
2
 d 2uˆk 
 d ˆk 

A11  2   B11  2   I 0 1  uˆk  I1 1  ˆk  0
 dx 

 dx 


(3.5)

where 1 is the first order connection coefficient matrix obtained treating the boundaries
of finite data lengths non-periodically using wavelet extrapolation technique. Connection
coefficients are the inner product between the scaling functions and its derivatives. Next,
the coupled ODEs are decoupled using eigenvalue analysis of 1 . The final decoupled
form can be written as

d 2uˆk
d 2ˆk

B
 I 0 2uˆk  I1 2ˆk  0
11
2
2
dx
dx
2
 d vˆ dˆ 
 A55  2k  k   I 0 2vˆk  0
dx 
 dx
d 2uˆk
d 2ˆk
 dvˆ

 B11 2  D11 2  A55  k     I1 2uˆk  I 2 2ˆk  0
dx
dx
 dx

A11
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(3.6)

and the boundary conditions are

duˆ
dˆ
Nˆ xx  A11 k  B11 k ,
dx
dx
 dvˆ

Qˆ x   A55  k  ˆk  ,
 dx

duˆ
dˆ
Mˆ xx   B11 k  D11 k
dx
dx

(3.7)

Here the variable uˆc represents uc in the transformed domain (and similarly for the two
other field variables v and  ). The term  represents the eigenvalues of connection
coefficients resulting from derivatives of Daubechies scaling functions    .
2.4

Spectral element formulation
The set of ODEs given by Eq. 2.5 needs to be solved for DOFs uˆc , vˆc , ˆ , and the

time domain solutions uc  x, t  , v  x, t c ,   x, t  are obtained using an inverse wavelet
transform. The spectral element formulation procedure is exactly similar to the one
followed in [19] and therefore is not repeated here. The final matrix equation relating the
nodal forces and displacements can be written as

Fˆ   Kˆ  uˆ 
e

e

(3.8)

ˆ e and uˆ e are
where K̂ is the dynamic stiffness matrix of the spectral element. Here F
forces and displacements at nodal locations shown in figure 2.1., and are written as

Fˆ   Nˆ , Qˆ , Mˆ , Nˆ
uˆ   uˆ , vˆ ,ˆ , uˆ , vˆ ,ˆ 
e

e

xx1

x1

xx1

xx 2

, Qˆ x 2 , Mˆ xx 2



T

T

1

1

1

2

2
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2

(3.9)

where uˆ1  uˆc  0  , vˆ1  vˆc  0  , ˆ1  ˆc  0  , uˆ2  uˆc  L  , vˆ2  vˆc  L  , ˆ2  ˆc  L  and
Nˆ xx1  Nˆ xx  0  , Qˆ x1  Qˆ x  0  , Mˆ xx1  Mˆ xx  0  , Nˆ xx 2  Nˆ xx  L  , Qˆ x 2  Qˆ x  L  ,
ˆ
ˆ
ˆe
ˆ e  can
M
xx 2  M xx  L  . When the nodal forces F  are known, the nodal displacements u

be obtained from the above relationship. Using nodal values and the shape function for
the element (exact solution), the displacement at any point within the beam can be
derived in the transformed domain. Similar to conventional FE, the dynamic stiffness
matrix of Eq. 2.7 can be assembled in transformed domain in order to model general
structures.
2.5

User-defined element (UEL) formulation for a beam
Abaqus provides the user subroutine option, similar to several other commercial

FE software, to facilitate special purpose elements or analyses. UEL gives the advantage
of using Abaqus with any newly-defined element along with the powerful pre- and postprocessing and highly efficient matrix solvers. Deriving the element stiffness matrix,
which is the contribution of each element to the global stiffness matrix, is the most
important part of formulating an UEL. Three quantities need to be defined during UEL
formulation: right-hand-side vector (residual nodal fluxes or forces), Jacobian (stiffness)
matrix, and solution-dependent state variables. The number of nodes per element and the
DOFs of every node are required as well. Interface to user subroutine UEL is illustrated
in figure 2.2. The defined UEL is formulated in frequency (complex) domain, but it is
implemented as real-valued degrees of freedom in Abaqus as discussed in detail below.
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Figure 2.2

UEL interface

WSFE is formulated in the frequency domain, and therefore, the parameters such
as stiffness matrix, wavenumbers, etc. are complex-valued parameters. However, Abaqus
computations can only employ real numbers. Therefore, WSFE based UEL for
implementation in Abaqus presents unique challenges. In order to solve this problem, the
size of every matrix is doubled to decouple real and imaginary parts of every variable. A
simple mathematical rule is used, namely, every single complex number can be expressed
by a 2  2 matrix as given by Eq. 2.9.

 a b

 b a 

a  ib  

(3.10)

Using this method, a matrix of dimension n  n with complex-valued elements can
be represented with a 2n  2n matrix with only real elements which can be processed by
Abaqus. This concept is further illustrated by an example of a two-node truss under axial
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loading (figure 2.3). The elemental stiffness matrix for a truss element is given by Eq.
2.10 where the terms are complex valued in the frequency domain formulation of WSFE.

 F1   K11
 
 F2   K 21

K12  U1 

 

K 22  U 2 

(3.11)

Applying the matrix representation for complex numbers (Eq. 2.9), the elemental
stiffness matrix for a truss element can be reformulated as Eq. 2.11 where every term has
a real value.

 F1 Re   K11Re K11Im K12Re K12Im  U1Re 
 Im  
Im
Re
Im
Re  
Im 
 F1    K11 K11  K12 K12  U1 
 Re 
 Re  
Re
Im
Re
Im
 F2   K 21 K 21 K 22 K 22  U 2 
Im
Im

   K 21Im K 21Re  K 22Im K 22Re  
 F2 
U 2 


(3.12)

Thus all of the values are presented to Abaqus as real numbers. It must be noted
that in implementing this UEL, Abaqus is used just as a solver without being aware of the
physics of the problem. Although the problem is a dynamic one (wave propagation), the
GENERAL STATIC solver in Abaqus is used for the solution. The real and imaginary
parts of the solution are combined to obtain results in the frequency domain, and then the
inverse wavelet transform is used to obtain time domain solutions.
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Figure 2.3

A 2-node truss element

A 2-node truss element with (a) complex values; (b) real values
2.6

Numerical examples
Four numerical examples are presented to verify the results and demonstrate the

computational efficiency of the developed WSFE based UEL. The numerical examples
include an undamaged beam, a beam with impact damage, a beam with delamination (at
three different locations through the beam thickness), and a truss braced beam. The
material for all cases is graphite-epoxy (AS4/3501-6); material properties and beam
dimensions are given in table 2.1. Each of the four cases is also modeled entirely in
Abaqus using plane stress elements for comparison. For a long slender beam with a
rectangular cross section subjected to the in-plane loads, the ensuing response
corresponds to essentially plane stress [21]. The use of plane stress elements to study
wave propagation in beams has been reported by several researchers [13,22–24]. For
simulations, a desktop computer with 3.4 GHz Intel Core i7th CPU and 16 GB memory is
used. A 3.5 cycle tone-burst signal with central frequency of 40 kHz is used to excite the
beam at its tip (free end) in the axial and transverse directions. Figure 2.4 shows the tone14

burst signal and its frequency content. Time domain results are presented for WSFEbased UEL and FEM (Abaqus) at various locations along beam length. A comparison of
CPU time and number of elements is also given as tables. It is observed that the UEL
results have very good match with FEM for all cases and UEL has excellent
computational efficiency compared to FEM simulations. Hereafter, UEL, FEM and
WSFE are used to refer to WSFE-based UEL, FEM model in Abaqus, and WSFE method
coded in Matlab, respectively.
2.6.1

Healthy beam
First of all, a healthy beam having [0]8 layup is modeled in fixed-free

configuration (figure 2.5). The beam length is 0.25 m with 0.002 m  0.005 m
(thickness × width) cross section. As shown in figure 2.1, the beam element has twonodes with three DOFs per node. The elemental stiffness matrix has the dimension of

6  6 with complex values in WSFE (frequency domain) formulation. Following the
procedure given in Section 2.4, the corresponding elemental stiffness matrix has the
dimension of 12 12 with real valued parameters for implementation in Abaqus through
UEL. Since there is no discontinuity in the structure, only one WSFE element is
sufficient to model the beam. The FEM model for the beam has 8,000 plane stress
elements to be able to capture wave motion adequately.
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Figure 2.4

A 3.5 cycle tone-burst signal, and its frequency content (40 kHz central
frequency).

Table 2.1

Material properties (AS4/3501-6) and beam dimensions

E11

144.48 GPa

G12

4.128 GPa

E22

9.63 GPa

G13

4.128 GPa

E33

9.63 GPa

G23

4.128 GPa

12

0.02

Density

1389 kg m

13

0.02

Length

0.25 m

 23

0.3

Cross-Section

0.002  0.005 m

Figure 2.5

Create beam with one element.

Beam with one element. Red dots indicate WSFE nodes
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3

2

A short discussion of frequency domain results for a Timoshenko beam is
presented here before proceeding to time domain results. Figure 2.6 illustrates the
wavenumber-frequency relation for a composite beam (0.002 m thickness) with [0]8
layup. Figure 2.6(a) shows the real part of the wavenumbers (versus frequency) while
figure 2.6(b) shows the imaginary part of the wavenumbers. As observed, there are three
modes associated with active degrees of freedom: axial (along the beam axis), transverse
(perpendicular to beam axis) and flexural (rotation about out of plane axis). The cut-off
frequency for axial and flexural modes are zero which means that these modes propagate
at any frequency. The associated imaginary part of the wavenumbers for these two modes
are zero as expected. The cut-off frequency for the transverse mode is 434 kHz as marked
in figure 2.6. At this frequency, the wavenumbers for transverse mode change from
imaginary to real.
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Figure 2.6

Real and imaginary parts of wavenumbers for a Timoshenko beam

The (a) real and (b) imaginary parts of the wavenumber of a Timoshenko beam with
symmetric layup of [0]8 based on WSFE. The red mark is showing the cut-off frequency
(434 kHz) for transverse mode.
As stated earlier, a tone-burst signal (figure 2.4) is used to excite the beam at its
free end in the axial or transverse direction and the results are obtained at the tip and midpoint of the beam length. Figure 2.7 compares time domain results using the three
simulation methods, namely UEL, FEM, and WSFE. Results from UEL and WSFE have
an excellent match, thus validating the UEL formulation. The incident wave for UEL and
FEM match completely and there is a very small difference between them in the
boundary reflections. These small differences between UEL and FEM are likely due to
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differences in element formulations. UEL employs FSDT, whereas Abaqus elements are
based on Rayleigh-Lamb wave theory. Table 2.2 presents computation time for the three
simulation methods. The FEM run time is 378 sec which is almost 10 times longer than
the UEL (33 sec).

Figure 2.7

Wave motion in a healthy beam

Wave motion in a healthy beam due to tone-burst load applied at the tip along transverse
and axial directions with response measured at (a) beam tip, and (b) mid-point of the
beam length
The computational efficiency is the main advantage of the UEL over conventional
finite element method. WSFE (coded in Matlab) is most computationally efficient (2.4
sec) since UEL has the ‘overhead’ associated with a large FE solver (Abaqus).

19

Table 2.2

CPU time comparison – Healthy beam
Number of elements

Element type

Time (sec)

WSFE

1

WSFE

2.39

UEL

1

WSFE

32

FEM

8000

4-noded Plane-stress

378

2.6.2

Beam with impact damage
An impacted beam in fixed-free configuration having [0]8 layup is modeled using

UEL and FEM. The beam is 0.25 m long and its cross section measures

0.002 m thickness  0.005 m width (figure 2.8). The impacted region of 0.01 m length,
located at the center of the beam, is modeled by reducing stiffness by 50%. Due to the
introduced discontinuity in the structure (impacted region), using one element to model
the whole beam is not possible anymore. Three UELs are used to model the beam as
shown in figure 2.8. FEM model needs 8,000 elements to model the beam and capture the
wave propagation correctly.
The tone-burst excitation described above (figure 2.4) is applied at the free end of
the beam in the axial or transverse direction. Results are obtained at two different points:
beam tip (excitation point) and the right edge of the impacted area. Figure 2.9 compares
the time domain results for UEL and FEM. Reflection from the damaged area is clearly
observed for both of the simulations. Similar to the healthy beam, the first wave packet
(incident wave) for both simulations match completely and there is a very small
difference in the reflected waves from the boundaries. As explained earlier (Section 2.6),
the difference is likely due to difference in element formulations.
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Right edge of
impacted area

Figure 2.8

Beam with impact damage

Beam with impact damage; red dots indicates WSFE nodes
Table 2.3 shows computation time for the two simulation methods. The
computation time for FEM is 378 seconds while it is 64 seconds for the UEL. UEL is
almost 6 times faster than FEM which proves the computational efficiency of WSFE
based UEL.

Figure 2.9

Transverse and axial velocity responses of an impacted beam

Transverse and axial velocity responses of an impacted beam subject to tone-burst excitation
along the respective direction at the tip. Responses measured at (a) beam tip, and (b) right edge of
the impacted area
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Table 2.3

CPU time comparison – Beam with impact damage
Number of elements

Element type

Time (sec)

UEL

3

WSFE

64

FEM

8000

4-noded Plane Stress

378

2.6.3

Beam with delamination
A delamination may be modeled in Abaqus through user-defined Multi-Point

Constraints (MPC) subroutine, which is used to impose constraints between different
degrees of freedom of a model. Delamination modeling in spectral finite element,
including the nodes and their DOFs connectivity to other nodes, was presented by Nag et
al. [25]. An MPC subroutine was coded in Fortran to define nodal connectivity consistent
with delamination modeling. Both UEL and MPC were implemented as separate
subroutines to complete the delamination model in Abaqus. Figure 2.10 shows a
delaminated beam broken down into two base-laminates (EL1 and EL2) on each side of
the delamination region, and two sub-laminates (EL3 and EL4) on top and bottom of the
delamination. Each laminate is considered a separate waveguide and modeled based on
UEL. Nodes of sub-laminate elements are located in the mid-plane of sub-laminates. The
length of the sub-laminates equals the delamination length. Constant out of plane rotation
is assumed for connecting base-laminates and sub-laminates nodes.
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Figure 2.10

Beam with delamination

Beam with a delamination (a) Delamination in an arbitrary position in a beam; (b)
modeling delamination by using four elements; (c) nodes and elements configuration in a
delaminated beam [25]
For a delaminated beam, the nodal DOFs are related as follows [23]:

u5  u2  h12 
  

u5   v5    v2
  T1u2
    
 5 

2
u7  u2  h22 
  

u7   v7    v2
  T2 u2
   

 7 

2
u6  u3  h13 
  

u6   v6    v3   T3 u3
    
 6  3 

(3.13)

u8  u3  h23 
  

u8   v8    v3
  T4 u3
    
 8 

3
where, ui is the displacement vector for ith node. The terms u, v and  are axial,
transverse and rotational degrees of freedom, respectively. Ti is the transformation
matrix. Thus, nodal displacements of sub-laminate elements are expressed in terms of
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nodal displacement of base-laminate elements. Transformation matrices have a
dimension of 3  3 and are given by:
1
T1  0
0
1
T3  0
0

0 h1 
1 0 
0 1 
0 h1 
1 0 
0 1 

,

,

1
T2   0
0
1
T4   0
0

0 h2 
1 0 
0 1 
0 h2 
1 0 
0 1 

(3.14)

For implementing all of these MPC equations in Abaqus, the decoupling of real
and imaginary parts of variables must be performed, which doubles the number of DOFs
and the size of matrices. The resulting equations (after decoupling real and imaginary
parts) relating nodal DOFs are given by Eq. 2.14. Implementing these nodal displacement
relations through the MPC subroutine completes delamination modeling.
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u5Re  u2Re  h12Re 
 Im   Im

Im
u5  u2  h12 
v Re   v Re

 5  

2
u5   Im   
  T1u2
Im
v
v
 5  

2
 Re    Re

5
 5  

5Im   5Im

u7Re  u2Re  h22Re 
 Im   Im

Im
u7  u2  h22 
v Re  

v2Re

 7  
u7   Im   
  T2 u2
Im
v
v

 7  
2

 Re    Re
5

 7  

7Im   5Im
u6Re  u3Re  h13Re 
 Im   Im

Im
u6  u3  h13 
v Re   v Re

 6  

3
u6   Im   
  T3 u3
Im
v6   v3

 Re    Re

3
 6  

6Im   3Im

u8Re  u3Re  h23Re 
 Im   Im

Im
u8  u3  h23 
v Re  

v3Re
 8  

u8   Im   
  T4 u3
Im
v3
v8  

 Re    Re

3
 8  

8Im   3Im

A beam with

[0]8

(3.15)

layup with a delamination (as shown in figure 2.10) is modeled

in fixed-free configuration. The beam is 0.25 m long and its cross section measures

0.002 m thickness  0.005 m width . A delamination of length of 0.005 m is located
about the middle of the beam length. Three different delamination configurations are
studied to demonstrate the ability to simulate delamination located anywhere along beam
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thickness. The three delamination locations are: (a) near below mid-plane ( 2h2  0.0005
m; figure 2.10), (b) mid-plane ( 2h2  0.001 m), and (c) above mid-plane ( 2h2  0.0015 m).
The delaminated beam is modeled using both FEM and UEL. FEM model has 8,000
elements and delamination is modeled as two surfaces with no common nodes. UEL has
only 4 elements and delamination is modeled by using MPC subroutine to define node
connectivity.
A tone burst excitation (figure 2.4) is applied at the beam tip and responses are
obtained at the excitation point and the right edge of delamination (node 3) (figure 2.10).
Figure 2.11 compares the tip responses for the two models (FEM and UEL) while figure
2.12 shows time domain comparison at the right edge of delamination. In figure 2.11, an
excellent match is observed for the incident wave and there is a small difference in the
reflections from the boundaries. In the previous sections the reason of this difference has
been discussed. The results clearly show reflection from delamination, and their location
(thickness wise) has only a small effect on the reflected wave motion. Because similar
results were obtained for the delamination along the beam thickness, only the comparison
for 2h2  0.001 m is shown in figure 2.12. Table 2.4 compares computation time for these
two cases (UEL and the FEM model). Similar to the healthy case, the UEL model shows
much reduced computational effort.
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Figure 2.11

Transverse and axial velocity response of a beam with delamination

Transverse and axial velocity response of a beam with delamination located at (a)
2h2  0.0005 m; (b) 2h2  0.001 m; (c) 2h2  0.0015 m. Beam tip used as both excitation and
sensing point
Table 2.4

CPU time comparison - Beam with delamination
Number of elements

Element type

Time (sec)

UEL

4

WSFE

80

FEM

8000

4-noded Plane-stress

379
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Figure 2.12

Transverse and axial velocity response of a beam with delamination located
at mid-plane

Transverse and axial velocity response of a beam with delamination located at mid-plane
for 2h2  0.001 . Tone-burst input given at beam tip along each direction and responses
measured at right edge of delamination (node 3)
2.6.4

Truss structure
In order to examine the ability of developed UEL in modeling more complex

structures, a four member planar truss is modeled as shown in figure 2.13. The truss
members are modeled as composite beam with a cross section of 0.002 m  0.005 m
and layup of [0]8 . As in the previous cases, the 3.5 cycle tone burst (figure 2.4) is used
to excite the whole structure at the free tip. The responses are obtained at the excitation
point and the middle of the top (horizontal) beam.
FEM model has 38,662 elements while UEL needs only 6 elements for the entire
truss. Figure 2.14 compares time domain results for FEM and UEL which show an
excellent match in the incident wave (first packet). Relatively small differences are
observed between the two models due to differences in formulations (section 2.5). Table
2.5 shows the computation time comparison between FEM and UEL. FEM run time is
3,716 sec which is almost 5 times longer than the UEL run time of 826 sec. This shows
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the computational efficiency of WSFE-based UEL over conventional finite element
method.
Middle of the top beam

Figure 2.13

Schematic view of the truss structure

Schematic view of the truss structure; (a) dimensions; (b) UEL configuration with red
dots indicating nodes

Figure 2.14

Transverse and axial velocity responses of a truss structure

Transverse and axial velocity responses of a truss structure subjected to a tone-burst input at tip along respective direction. Responses
measured at (a) tip and (b) middle of the top (horizontal) beam
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Table 2.5

2.7

CPU time comparison - Truss structure
Number of elements

Element type

Time (sec)

UEL

6

WSFE

826

FEM

38662

4-noded Plane-stress

3716

Conclusions
A Wavelet Spectral Finite Element (WSFE)-based User Defined Element (UEL)

for a Timoshenko beam was formulated and implemented in commercial finite element
code Abaqus. The main objective was to demonstrate the potential of integrating spectral
finite element technique onto conventional finite element platform for efficient
simulations of transient dynamics and wave propagation in beam shaped structures.
WSFE is a frequency domain approach, and thus, the variables and parameters are
complex numbers. Therefore, all the complex valued quantities were decoupled to real
and imaginary parts and then presented to Abaqus since the commercial finite element
solvers work only with real values. Decoupling process doubled the number of DOFs per
node, yet, the problem size remained many orders smaller when compared to
conventional finite element counterpart.
Four example cases were studied using the WSFE-based UEL: a healthy beam, a
beam with an impact damage, a beam with a through thickness delamination, and a truss
in cantilever configuration. A 3.5 cycle tone-burst signal with a central frequency of 40
kHz was used to excite the free end of the beam in the transverse direction. In all the
cases studied, UEL and WSFE responses were almost identical, thus validating the UEL
formulation. Minor differences appearing later in the responses are attributed to the
different element formulations in UEL (First Order Shear Deformation Theory) and FEM
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(Rayleigh-Lamb Wave Theory). In the example beams with damage responses, the UEL
was able to capture the reflection from the damaged area similar to the finite element
model. In the final example, a truss was modeled as an assembly of 6 UEL elements
whereas 38,662 elements were required in conventional FE model. Results obtained at
multiple locations showed that the incident wave matched very well, as was the case with
previous examples. The CPU time required for the UEL for healthy case was 92% of the
FEM. Similar number for the other three cases, namely, impact damage, delamination,
and truss, were 83%, 79%, and 78%, respectively. Therefore, UEL was shown to be
preserving the computational efficiency of the WSFE along with the ability to model
complex features using features available in Abaqus.

31

CHAPTER III
SPECTRALLY FORMULATED UEL FOR 2-D COMPOSITE WAVEGUIDES
Wave propagation analysis in 2-D composite structures is performed efficiently
and accurately through the formulation of a User-Defined Element (UEL) based on the
wavelet spectral finite element (WSFE) method. The WSFE method is based on the first
order shear deformation theory which yields accurate results for wave motion at high
frequencies. The 2-D WSFE model is highly efficient computationally and provides a
direct relationship between system input and output in the frequency domain. The UEL is
formulated and implemented in Abaqus (commercial finite element software) for wave
propagation analysis in 2-D composite structures with complexities. Frequency domain
formulation of WSFE leads to complex valued parameters, which are decoupled into real
and imaginary parts and presented to Abaqus as real values. The final solution is obtained
by forming a complex value using the real number solutions given by Abaqus. Five
numerical examples are presented in this section, namely undamaged plate, impacted
plate, plate with ply drop, folded plate, and plate with stiffener. Wave motions predicted
by the developed UEL correlate very well with Abaqus simulations. The results also
show that the UEL largely retains computational efficiency of the WSFE method and
extends its ability to model complex features.
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3.1

Introduction
Wave propagation in elastic structures has significance for several applications

such as nondestructive evaluation (NDE), transient response prediction, and mechanical
property characterization [26,27]. Among these, NDE is perhaps the most common
application as ultrasonic waves are often used for inspection of engineering structures.
Advanced composites have several advantages compared to metallic materials such as
higher specific strength and modulus, fewer joints, improved fatigue life, and higher
resistance to corrosion leading to their growing use in aerospace, wind energy, and civil
infrastructure. Much research has recently been carried out on NDE of composites using
Lamb waves due to several advantages it offers over existing methods [28,29]. Lamb
waves are elastic waves that are generated in a solid plate with free boundaries and are
also known as plate waves. Lamb waves are able to travel long distances with little
dispersion allowing rapid scan of large areas. These features of Lamb waves coupled with
the ease of application with integrated actuators and sensors has enabled in-situ damage
diagnosis also known as structural health monitoring (SHM). SHM is nondestructive
evaluation through integrated actuators and sensors and has been a very active area of
research in the past decade. A lot of work has been carried out over the last decade
contributing to the development of Lamb wave based SHM [2–5,30]. However, there are
many challenges yet to be addressed before this method is implemented practically.
Computational modeling is essential for complete understanding of Lamb wave
propagation in composite structures. Physics-based models for wave propagation may
also be used for generating baseline data which is necessary in ultrasonic inspection
systems.
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Modeling of wave propagation in composite structures is much more complex
compared to the isotropic structures [27,28]. It is very difficult to obtain the governing
differential equations and boundary/initial conditions for wave propagation in most
practical structures. Numerical methods are often used, which include the conventional
finite element method (FEM) [20,31,32], finite difference method [33,34], pseudospectral
method [35], and boundary element method [36]. FEM is the most popular numerical
technique for wave motion analysis. However, 20 nodes are generally needed spanning a
wavelength for accurate predictions [20], which makes FEM based wave propagation
analysis at high frequencies very expensive computationally. Spectral finite element
(SFE), based on the transformation of wave equations in to the frequency domain, is
highly suitable for wave propagation analysis [12,13,37]. SFE requires only one element
to model a beam or plate structure of any length if there are no discontinuities. Just a few
elements can model wave motion in a simplified practical structure such as a stiffened
plate, leading to very high computational efficiency.
Use of an integral transform method, which transforms variables between
frequency and time domains, is a key component in SFE implementation. Doyle [37]
popularized the fast Fourier transform (FFT) based spectral finite element (FSFE) to
model wave motion in isotropic 1-D and 2-D waveguides. Gopalakrishnan and Mitra [38]
presented the 2-D wavelet based spectral finite element (WSFE) to overcome some
limitations of FSFE and accurately model 2-D plate structures of finite dimensions.
WSFE uses orthogonal compactly supported Daubechies scaling functions [39] as the
basis for both temporal and spatial approximations. Jha and associates developed WSFE
based on the first-order shear deformation theory (FSDT) which was a major
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improvement compared to the previously reported classical laminated plate theory based
models [14]. The developed WSFE was validated with Abaqus FEM simulations using
shear flexible elements. Excellent correlation was observed in the results and WSFE
computation time was less than two orders of magnitude compared to Abaqus [40].
Composite plates with transverse cracks were also modeled using WSFE (coded in
Matlab) and validated with Abaqus FEM simulations [15]. WSFE models with additional
complexity such as adhesively bonded joints and skin stiffener structures have also been
developed by the authors [40,41]. Thus, WSFE is well established for regularly shaped
structures like rod, beam, and plate. However, modeling complex structural features
(holes, cut-outs, etc.) and damages (impact, delamination, crack, etc.) with spectral finite
element method presents difficulties. These limitations stem from the difficulty in
deriving governing equations and boundary conditions for modeling structures with
complex features. Assembling spectral elements of different types and dimensions would
give us the ability to model complex structures and damages while retaining the
computational efficiency of WSFE. The present authors earlier reported UEL formulation
for thick beams [17,18,42].
In the present work, we develop WSFE-based User Elements (UEL) that can be
implemented in conventional finite element platform to analyze ultrasonic wave
propagation in 2-D composite structures accurately and efficiently. The new user element
is implemented in commercial finite element code Abaqus through UEL subroutine. One
of the major aspects of this research is that all of the variables in WSFE have complex
value in the frequency domain. For UEL implementation in Abaqus, a complex value is
represented as a 2x2 matrix of real numbers which leads to doubling the number of
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degrees of freedom. All of the structures in numerical examples are modeled and meshed
using Abaqus CAE and WSFE formulation based elements are assigned as element type
using UEL. The numerical examples include five different cases, namely, healthy plate,
plate with impact damage, plate with ply drop, folded plate, and plate with stiffener. This
approach provides access to powerful modeling tools, pre- and post-processing, and
efficient solvers of Abaqus along with the computational efficiency of the WSFE method.
3.2

WSFE formulation for composite plates
The 2-D WSFE presented by Gopalakrishnan and Mitra [38] overcomes the

limitations present in FSFE and able to accurately simulate plate structures of finite
dimensions. This is due to the use of compactly supported Daubechies scaling functions
[39] as basis for approximation of the time and spatial dimensions. However, the WSFE
plate formulation in [38] is based on the classical laminated plate theory (CLPT) [43].
The CLPT based formulations exclude transverse shear deformation and rotary inertia
resulting in significant errors for wave motion analysis at high frequencies, especially for
composite laminates which have relatively low transverse shear modulus [44,45]. Wave
propagation in composite laminates based on the first order shear deformation theory
(FSDT) [43,46–55], which accounts for transverse shear and rotary inertia, yields
accurate results comparable with 3-D elasticity solutions and experiments even at high
frequencies [44,45]. For isotropic materials FSDT is known to be exceptionally accurate
down to wavelengths comparable with the plate thickness h, whereas CLPT is of
acceptable accuracy only for wavelengths greater than, say, 20h [56]. FSDT based 2-D
WSFE model for pristine composite laminates developed by the present authors is
reported in [14,57].
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Figure 3.1 presents a summary of the WSFE method. The first step in WSFE
involves wavelet transformation of the wave equations approximating time and space
variables using Daubechies scaling functions. The time approximated equations are
coupled partial differential equations (PDEs), which must be decoupled using eigenvalue
analysis. Resulting PDEs are functions of spatial dimensions (x and y) which are then
reduced to ordinary differential equations (ODEs) by y-dimension approximation and
decoupling, similar to time approximation. Decoupled ODEs are solved using polynomial
eigenvalue problem (PEP) to obtain wavenumbers and wave amplitudes. The exact
solutions for these ODEs are used as shape functions to derive the elemental stiffness
matrix. Assembling of global stiffness matrix and its solution is similar to FEM. All of
the obtained results are in frequency domain and an inverse wavelet transform is applied
at the end to get the time domain results.

Figure 3.1

The WFE procedure for a composite plate (notations as defined in next
subsection)
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Here, extensive time and frequency domain results are presented to show the
significance of FSDT based spectral element formulation. The key steps in 2D WSFE
element formulation for shear deformable composite laminates are presented below and
the reader is referred to [14] for further details.
3.2.1

Governing differential equations for wave propagation
Consider a laminated composite plate of thickness h with the origin of the global

coordinate system located at the mid-plane of the plate with Z axis being normal to the
mid-plane as shown in figure 3.2(a). Figure 3.2(b) shows the corresponding nodal
representation of the spectral element with degrees of freedom (DOFs) that is going to be
formulated in this section. Using FSDT, the governing PDEs for wave propagation have
five degrees of freedom:

u, v, w,  , and, 

. The terms u(x, y, t) and v(x, y, t) are mid-plane

(z = 0) displacements along X and Y axes; w(x, y, t) is transverse displacement in Z
direction, and   x, y, t  and   x, y, t  are the rotational displacements about Y and X
axes, respectively. The displacements w,  and ψ do not change along the thickness (Z
direction). The quantities (Nxx, Nxy, Nyy) are in-plane force resultants, (Mxx, Mxy, Myy) are
moment resultants, and (Qx, Qy) denote the transverse force resultants.
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Figure 3.2

WSFE plate element

WSFE element (a) plate element; (b) nodal representation with DOFs
There are five governing equations of motion for wave propagation as reported in
the authors’ previous work [30], but only one EOM is presented here for conciseness.
The first EOM expressed using displacement terms is given by [43],

A11

 2u
 2u
 2u
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 2v
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(4.1)

where the terms Aij, Bij, Dij are stiffness constants and the I0, I1 and I2 are inertial
coefficients, defined as
N p zq1

[ Aij , Bij , Dij ]  

 Q [1, z, z

q 1 zq

ij

2

I 0 , I1 , I 2    h /2 1, z, z 2   dz
h /2
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]dz
(4.2)

The term Qij are the stiffness of the qth lamina in laminate coordinate system, Np
is the total number of laminae (plies),  is the mass density, and K is the shear correction
factor. The associated natural boundary conditions are,

N nn  nx2 N xx  ny2 N yy  2nx n y N xy
N ns  nx ny N xx  nx n y N yy  (nx2  n y2 ) N xy
Qn  Qx nx  Qy n y

(4.3)

M nn  nx2 M xx  ny2 M yy  2nx ny M xy
M ns  nx ny M xx  nx n y M yy  (nx2  n y2 )M xy
where n and s denote coordinates normal and tangential to the plate edge, respectively;
and nx and ny are unit normal into X and Y directions, respectively. The boundary
conditions at edges parallel to Y axis can be derived by setting nx to 1 and ny to zero. Then

N nn and N ns become the specified normal and shear forces into X and Y directions,
M nn and M ns are the specified moments about Y and X axes, and Qn is the applied shear
force in Z direction. Force and moment resultants are expressed in terms of the stiffness
constants Aij, Bij, Dij and displacements [43]. Without loss of generality in all essential
aspects of the problem, a laminate composed of an arbitrary number of orthotropic layers
such that the axes of material symmetry are parallel to the X-Y axes of the plate (hence
A16 = A26 = A45 = B16 = B26 = D16 = D26 = 0) is considered for further analysis.
3.2.2

Temporal approximation
The governing PDEs (Eq. 3.1) and boundary conditions (Eq. 3.3) have partial

derivatives of three variables (x, y, and t), making it very complex to solve in current
form. Therefore, Daubechies compactly supported scaling functions [39] are used to
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approximate the time and one spatial variables (t and y) which reduces the set of
equations to ODEs. Compactly supported scaling functions have only a finite number of
filter coefficients with non-zero values, which enables easy handling of finite geometries
and imposition of boundary conditions. The use of Daubechies compactly supported
wavelets to solve partial differential wave equations is explained in detail in [13].
Let the time-space variable u(x, y, t) be discretized at n points in the time window
(0, tf ) and  = 0, 1, . . . , n−1 be the sampling points, then t  t  where t is the time
interval between two sampling points. The function u(x, y, t) can be approximated at an
arbitrary scale as

u  x, y, t   u  x, y,    uk  x, y     k  , k  Z

(4.4)

k

where uk  x, y  are the approximation coefficients at a certain spatial dimension (x and y)
and    are scaling functions associated with Daubechies wavelets. The other
translational and rotational displacements v(x, y, t), w(x, y, t),  ( x, y, t ) and ψ(x, y, t) are
transformed similarly. The next step is to substitute these approximations into Eq. 3.1.
The approximated equation is then multiplied with translations of the scaling function (

   j  , for j  0,1, , n 1 ) and inner product is taken on both sides of the equation.
The orthogonal property of Daubechies scaling function results in the cancelation of all
the terms except when j = k and yields n simultaneous equations.
2
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(4.5)

where Γ1 is the first-order connection coefficient matrix obtained after using the wavelet
extrapolation technique for non-periodic extension. Connection coefficients are the inner
product between the scaling functions and its derivatives [58]. The wavelet extrapolation
approach of Williams and Amaratunga [59] is used for the treatment of finite length data
before computing the connection coefficients. This method uses polynomials to
extrapolate the coefficients lying outside the finite domain and it is particularly suitable
for approximation in time and the ease to impose initial values. This extrapolation
technique addresses one of the major limitation when compared with Fourier based SFE
method, namely, the ‘wraparound’ problem caused by treating the boundaries as periodic
extensions. By solving the ‘wraparound’ problem, WSFE method is able to handle short
waveguides and smaller time windows efficiently. Next, the coupled PDEs are decoupled
using eigenvalue analysis of Γ1 following the procedure in [13]. The final decoupled
form of the reduced PDEs given in Eq. 3.5 can be written as

A11

 2uˆ j
x 2

 ( A66  A12 )

 2vˆ j
yx
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 2ˆj
x 2

 ( B12  B66 )

 2ˆ j
yx

 A66

  I  uˆ j  I  ˆ ,
2
0 j

2
1 j j

 2uˆ j
y 2

 B66

 2ˆj
y 2

(4.6)

j  0,1, , n  1

where uˆ j is given by uˆ j   1u j ,  is the eigenvector matrix of Γ1 and i j (i  1)
are the corresponding eigenvalues. Following exactly similar steps, the other governing
PDEs and the natural boundary conditions are transformed to PDEs in spatial dimensions
(x and y) only. It should be mentioned here that the sampling rate t should be less than
a certain value to avoid spurious dispersion in the simulation using WSFE. In Mitra and
Gopalakrishnan [60], a numerical study has been conducted from which the required t
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can be determined depending on the order N of the Daubechies scaling function and
frequency content of the load.
3.2.3

Spatial (Y) approximation
The next step is to further reduce each of the transformed and decoupled PDEs

given by Eq. 3.6 (and similarly for the other transformed governing equations and
boundary conditions) to a set of coupled ODEs using Daubechies scaling function
approximation in one of the spatial (Y) dimension. Similar to time approximation, the
time transformed variable uˆ j is discretized at m points in the spatial window (0, LY),
where LY is the length in Y direction. Let  = 0, 1, ..., m−1 be the sampling points, then
y  Y  where

Y is the spatial interval between two sampling points.

The function uˆ j can be approximated by scaling function    at an arbitrary
scale as

uˆ j  x, y   uˆ j  x,     uˆlj  x     l  ,

l Z

l

(4.7)

where uˆlj are the approximation coefficients at a certain spatial dimension x. The other
four displacements vˆ j  x, y  , wˆ j  x, y  , ˆj  x, y  , and ˆ j  x, y  are similarly transformed.
Following similar steps as in the time approximation, substituting the above
approximation is substituted in Eq. 3.6. Inner product is then taken on both sides with the
translates of scaling functions    i  , where i = 0, 1, …, m-1 and using their
orthogonality property (which results in the cancelation of all the terms except when i = l
), we get m simultaneous ODEs. Eq. 3.1, which is temporally reduced in Eq. 3.6, can be
spatially reduced as
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ˆlj i2l   I 0 2j uˆij  I1 2j ˆij

where N is the order of Daubechies wavelet and 1i l and i2l are the connection
coefficients for first- and second-order derivatives [58].
It can be seen from the ODE given by Eq. 3.8 that similar to time approximation,
even here certain coefficients uˆij near the vicinity of the boundaries (i = 0 and i = m−1)
lie outside the spatial window (0, LY) defined by i = 0, 1, . . . , m−1. Here, after expressing
the unknown coefficients lying outside the finite domain in terms of the inner coefficients
considering periodic extension, the ODEs given by Eq. 3.8 can be written as a matrix
equation:
 d 2uˆij 

d 2ˆij
 dvˆij 
 dˆ ij 

 ( B12  B66 )  1  
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dx
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 A66    uˆij   B66    ˆij   I 0 2j uˆij   I1 2j ˆij
1 2

1 2

where Λ1 is the first-order connection coefficient matrix obtained after periodic
extension.
The coupled ODEs given by Eq. 3.9 are decoupled using eigenvalue analysis
similar to that done in temporal approximation. Let the eigenvalues be ii (i  1) , then
the decoupled ODEs corresponding to Eq. 3.9 are given by

A11

d 2uij
2

 i i ( A66  A12 )
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 i i ( B12  B66 )

d ij
dx

(4.10)

where uij (and similarly other transformed displacements) are given by uij   1uˆij ; 
is the eigenvector and i i are the eigenvalues of connection coefficient matrix Λ1 .
Exactly the same procedure is followed to obtain decoupled form for the other EOMs as
presented in [14]. The natural boundary conditions (Eq. 3.3) are also transformed
(temporal and spatial approximations) similarly. The final decoupled ODEs are used for
2D WSFE formulation.
3.2.4

Spectral finite element formulation
The 2D WSFE has five degrees of freedom per node, uˆij , vij , wij , ij , and  ij , as

shown in figure 3.2(b). The decoupled ODEs presented above are solved for
uˆij , vij , wij , ij , ij and the final displacements u(x, y, t), v(x, y, t), w(x, y, t),  ( x, y, t ) and
 ( x, y, t ) are obtained using inverse wavelet transform twice for spatial Y dimension and

time. For further steps, the subscripts j and i are dropped for simplified notations and all
of the following equations are valid for j = 0, 1, ..., n − 1 and i = 0, 1, ..., m− 1 for each j.
Let us consider the displacement vector d as follows,
u ( x) 


v ( x ) 


d   w( x) 


 ( x) 
 ( x) 

(4.11)

Since the final set of equations (that is, Eq. 3.10 and the decoupled form of other
EOMs) is ordinary equations with constant coefficients, we assume a solution of d as
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u0 ( x) 


v0 ( x) 


d  d 0 e  i x , d 0   w0 ( x) 


0 ( x) 

 0 ( x) 


(4.12)

where  stands for the wavenumber. Substituting Eq. 3.12 into the Eq. 3.10, the
resulting set of equations can be posed in Polynomial Eigenvalue Problem (PEP) form
[12]. PEP uses the concept of the latent roots and right latent eigenvector of the system
matrix (also called the wave matrix) for computing the wavenumber and the amplitude
ratio matrix. The PEP of above Eq. 3.10 and other EOMs can be expressed as,

A 
2

2

 

 A1  A0  d0  0

(4.13)

The wavenumbers  are obtained as eigenvalues of the PEP given by Eq. 3.13.
Similarly, the vector d 0 is the eigenvector (representing wave amplitudes) corresponding
to each of the wavenumbers. The solution of Eq. 3.13 gives a 5 × 10 eigenvector matrix
of the form

 R  d0 1 ,d0 2 ,

, d0 10 

(4.14)

and the solution, d can be written as

d   Ra

(4.15)

where   is a diagonal matrix with the diagonal terms



diag   e k1x , e

 k1  LX  x 

, e  k2 x , e

 k2  LX  x 

, e k3 x , e

(4.16)

46

 k3  LX  x 

, e  k4 x , e

 k4  LX  x 

, e k5 x , e

 k5  LX  x 



Here, a  C1 , C2 ,
T

, C10  are the unknown coefficients which can be determined as

described in [14]. Finally, the transformed nodal forces F e  and transformed nodal
displacements ue  are related by

F   K  u 
e

e

e

(4.17)

where K e  is the exact elemental dynamic stiffness matrix. The solution of Eq. 3.16




and the assembly of the elemental stiffness matrices to obtain the global stiffness matrix
are similar to the FE method. One major difference is that the time integration in FE uses
a suitable finite difference scheme; however, the SFEM performs dynamic stiffness
generation, assembly, and solution through a double do-loop over frequency and
horizontal wavenumber. Although this procedure is computationally expensive, the
problem size in SFEM is very small which keeps overall low computational cost. Another
major difference is that unlike FE method, SFEM deals with only one dynamic stiffness
matrix and hence matrix operation and storage require minimum computations.
3.3

User defined element based on wavelet spectral finite element
User subroutines in a commercial software give the ability of defining new

elements or material properties to expand the capabilities of the software. User Defined
Element (UEL) is a subroutine for defining new elements in Abaqus. Along with the
newly defined UEL, the current approach takes advantage of Abaqus modeling
capabilities, powerful pre- and post-processing tools, and highly efficient solver. Here we
present the details of UEL formulation for 2-D plates.
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Figure 3.3

UEL interface

UEL interface which shows all the variables (written in Fortran [29])
Determination of elemental stiffness matrix is the most important step in
formulating an UEL. Along with the elemental stiffness matrix, two other quantities must
be defined as well: right-hand-side vector (residual nodal fluxes or forces) and solutiondependent state variables. Degrees of freedom at each node and the number of nodes in
each element are also needed. Figure 3.3 shows the UEL interface that shows the
variables to be defined (RHS, AMATRX, SVARS and ENERGY), variables that can be
updated (PNEWDT) and variables passed in for information (rest of the variables) [61].
Wavelet spectral finite element works in the frequency domain and, thereby, all
the parameters such as stiffness matrix, wavenumbers, displacements, and forces, have
complex values. However, Abaqus computations can use real numbers only. To
overcome to this problem, the following mathematical rule is used wherein every
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complex number can be represented as a 2  2 matrix of real numbers. A set of complex
number forms a field and the matrices of this form are exactly the field of complex
numbers. The absolute value of the complex numbers can be calculated as square root of
the determinant of the matrix. Comprehensive details about matrix representation of
complex numbers are explained by Hogbao [62]:

 a b
a  ib  

 b a 

(4.18)

Applying this method doubles the dimension of a complex valued matrix to obtain
a matrix with real values, that is, an

n  n matrix with complex values is represented as a

2n  2n matrix with real values. As an example, consider a rod element with one DOF at
each node (figure 3.4(a)). The stiffness matrix for this element has the dimension of

2  2 . In the frequency domain analysis, all terms in Eq. 3.19 have complex values
wherein K11=K11Re + iK11Im (and similarly for all other terms).

Figure 3.4

A 2-node truss element

A 2-Node truss element with (a) complex values; (b) real values
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 F1   K11
 
 F2   K 21

K12  U1 
 
K 22  U 2 

(4.19)

Applying the matrix representation for complex values doubles the size to obtain
a matrix equation with real numbers (Eq. 3.20). Now, this matrix equation can be solved
within Abaqus since all terms have real values only.
 F1Re   K11Re K11Im
K12Re K12Im  U1Re 
 Im  
Im
Re
Im
Re   Im 
 F1    K11 K11  K12 K12  U1 

 Re  


Re
K 21Im
K 22Re K 22Im  U 2Re 
 F2   K 21
Im
Im
Re
Im
Re 
Im

U 2 

 F2    K 21 K 21  K 22 K 22  

(4.20)

The plate element in WSFE (figure 3.2) has two nodes and there are five DOFs at
each node. To decouple the real and imaginary parts of forces, displacements, and
stiffness terms, we obtain effectively ten DOFs per node. One can choose to use ten
DOFs per node or double the number of nodes (figure 3.4) to have five DOFs per node.
In this research, we use five DOFs per node and double the number of nodes.
Another issue that arises in formulating WSFE based UEL relates to the
discretization points along the lateral edges. As mentioned previously, each lateral edge is
discretized at m points during spatial approximation in WSFE formulation. In order to
implement the spatial approximation through UEL, every discretization point is modeled
as two nodes (one each for real and imaginary parts). This leads to 2m nodes at each
lateral edge and, thus, the plate element has 4m nodes with five DOFs at each node
(figure 3.5). In this research m is chosen as 64. With five DOFs per node, the elemental
stiffness matrix has the dimension of 1280 1280 . Although the UEL leads to a large
elemental stiffness matrix, several measures are implemented for computational
efficiency. The eigenvalues and eignevectors for the frequency dependent stiffness matrix
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are calculated only once and stored for subsequent frequency increments. Similarly,
stiffness constants and inertial coefficients are calculated just once (first increment) and
saved in the solution-dependent state variables (SVARS) array which is accessed
throughout the analysis.

Figure 3.5

Plate element and nodal representation for UEL based on WSFE

Plate element and nodal representation for UEL based on WSFE. Red dots represent real
nodes and black circles represent imaginary nodes (co-located with real nodes). Numbers
show node numbering in UEL
The stiffness matrix in global coordinate system is defined as
 KG   T   Ke  T 
T

(4.21)

where subscript G denotes the values in global coordinate system and e stands for
elemental coordinate system. T  is the transformation matrix and can be written as:

51

Q   0 
T    0 Q  ,
    
c 0
0 c

0 0

0 0
s 0
Q   
 0 s
0 0

0 0
0 0

 0 0

0 0 s 0 0 0 0 0
0 0 0 s 0 0 0 0 
1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0
0 0 c 0 0 0 0 0

0 0 0 c 0 0 0 0
0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1 

(4.22)

The terms c and s denote cosine and sine of the angle between local and global coordinate
systems. The transformation matrix (Eq. 3.22) has a dimension of 20  20 due to the
decoupling of real and imaginary parts.
It must be noted that in implementing this UEL, Abaqus is used just as a solver
without being aware of the physics of the problem. Although the problem is a dynamic
one (wave propagation), GENERAL STATIC solver in Abaqus is used for the problem.
The real and imaginary parts of the solution are combined to obtain results in the
frequency domain, and then inverse wavelet transform is used to obtain time domain
solutions [17,18].
Load distribution along the Y-axis (figure 3.2) is given by Eq. 3.23.

F (Y )  e (Y  )

2

(4.23)

where α is a variable to change the distribution of the load long Y-axis. In all of the
analysis in this paper, α is selected as 0.05 which causes a Gaussian distribution of load
along the edge. The UAMP subroutine is used to define edge load on the element. Load is
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defined once in the beginning and then saved in a common block to be accessed during
rest of the analysis.
An Abaqus subroutine named URDFILL is used to write a code for
transformation of results from frequency domain to time domain using inverse wavelet
transform. It is recalled that the results (displacements) are obtained in the frequency
domain in WSFE analysis. Obtained results from collocated real and imaginary nodes are
coupled to form the frequency domain results as a complex numbers. For all of the
frequency increments, the results (complex values) are saved in an array and then
transformed to the time domain after the last increment for computational efficiency.
3.4

Numerical examples
The 2-D WSFE-based user defined element is used to study axial and transverse

wave propagation in composite plates. Computational efficiency and accuracy of the
newly developed UEL and its ability to model complex features are also demonstrated.
Numerical experiment results are presented in the time domain and compared to FEM
results. FEM results are obtained using dynamic implicit simulation employing 8-node
shell elements (S8R5) in Abaqus. Hanning windowed sinusoid (tone burst) signal with
3.5 cycles and central frequency of 20 kHz (figure 3.6) is used as input load. The spatial
domain distribution of load is defined using Eq. 3.23 with α=0.05. An AS4/3501-6
graphite-epoxy with material properties mentioned in table 3.1 is used for all of the
simulations. Models are simulated using a desktop computer with 3.4 GHz Intel Core i7
CPU and 16 GB memory.
Five different cases are simulated and compared with FEM: healthy plate, plate
with impact damage, plate with ply drop, plate with stiffener, and plate with two folds.
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Load is always applied at the free edge and simulation results are presented at different
points on the plates. A comparison of CPU time and number of elements is given in
tables. In all the cases, a symmetric lay up of

0 / 90 / 0 / 90s is used except for ply drop

example for reasons explained later.

Figure 3.6

A 3.5 cycle tone-burst signal, and its frequency content (20 kHz central
frequency)
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Figure 3.7

Dispersion curve for AS4/3501 composite obtained from Disperse software

Table 3.1

Material properties (AS4/3501-6)

E11

144.48e9 Pa

E33

9.63e9 Pa

G13

4.128e9 Pa 
12

0.02

 23

0.3

E22

9.63e9 Pa

G12

4.128e9 Pa

G23

4.128e9 Pa 
13

0.02

Density

1389 kg m

3

Using Disperse software, dispersion curve (group velocity) is obtained (figure
3.7). Group velocity for A0 mode (first asymmetric mode) at 160 kHz-mm is 1705 m/s.
In all of the examples, element size, in FEM models, are chosen based on 20 nodes per
wavelength [20]. Wavelength is calculated by



Cg
f

where C g is the group velocity and f is the frequency.
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(4.24)

3.4.1

Healthy plate

3.4.1.1

Numerical validation
A healthy plate with 0 / 90 / 0 / 90s layup in cantilever configuration is modeled

using the developed UEL. The plate has dimensions of 0.5 m  0.5 m and its thickness is
0.004 m. A schematic view of the plate is illustrated in figure 3.8. Using UEL, the plate is
modeled as a 256-node element with 5 DOFs per node. Resulting elemental stiffness matrix
has a dimension of 1280 1280 .
A 3.5 cycle tone-burst with 20 kHz central frequency is applied at the free edge of
the plate (AB) in Z-direction. Spatial distribution and point of application of the load
(along Y-axis) is shown in figure 3.8. Wave propagation results are obtained in all three
different directions (X, Y and Z) at two different points on the plate: central point of the
free edge and mid-point of the plate. For validation purposes, the results are compared to
those obtained from two other simulations: WSFE (coded in MATLAB) and Abaqus
(FEM).

Figure 3.8

Schematic view of a healthy plate
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Hereafter, UEL, FEM and WSFE are used to refer to WSFE-based UEL, FEM
model in Abaqus, and WSFE method coded in Matlab, respectively. Since there is no
discontinuity in the plate, the whole plate can be modeled using just one element in UEL
and WSFE models, whereas FEM model contains 10,000 elements. Figure 3.9 shows that
time domain results for UEL and WSFE have excellent match. The incident wave for
UEL and FEM match completely and there is a very small difference in the boundary
reflections. This difference is likely due to the difference in element formulations
between UEL and Abaqus. UEL is using first shear deformation theory while S8R5
elements in Abaqus are using Kirchhoff theory. As it discussed previously the group
velocity for A0 mode for the mentioned lay-up and thickness is 1705 m/s. This predicts
that the time of flight for a wave to hit the fixed boundary and come back to the plate tip
must be 0.000586 seconds. The UEL captures the first reflection from the fixed boundary
at 0.00058 seconds which shows a good match with the results from Disperse. Table 3.2
shows that the computation time for FEM is 6517 sec which is almost 10 times higher
than the computation time for UEL (726 sec). WSFE is the most efficient method
computationally since UEL is associated with a large FE solver (Abaqus).
Table 3.2

CPU time comparison-Healthy Plate
Number of elements

Element type

Time (sec)

WSFE

1

WSFE

133

UEL

1

WSFE

726

FEM

10,000

8-noded Shell Elements
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6517

Figure 3.9

3.4.1.2

Transverse velocity response of a healthy plate to a tone-burst signal at the
tip

Experimental validation
Experimental investigation is conducted to validate the accuracy of the results

obtained from WSFE and UEL. As discussed earlier (figure 3.9), the time domain results
for WSFE and UEL are indistinguishable, hence experimental validation figures showing
WSFE represent UEL results as well. A composite plate with [0/90/0/90]s layup is
fabricated from AS4/3501-6 pre-preg following vacuum bag technique. The plate has a
dimension of 0.42 m  0.317 m and thickness of 0.0014 m. A piezoelectric (PZT) actuator
with 7 mm dimeter is bonded to the surface of the composite plate using epoxy adhesive.
A National Instruments PXI 6339 and a BNC-2110 board are used to generate a tone
burst signal and a QuickPack® power amplifier is used to amplify the actuation signal. In
order to investigate the sensitivity of the WSFE to different frequencies, two tone burst
excitations (3.5 cycle) with different central frequencies (25 and 50 kHz) are used to
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generate Lamb waves in the composite plate. A Scanning Laser Vibrometer (SLV) is
employed to sense the wave motion at two points, P1 and P2 (shown in figure 3.10).
Figure 3.10(a) shows the location of actuator and sensing points whereas experimental set
up is illustrated in figure 3.10(b).

Figure 3.10

Experimental Set-up

(a) A schematic view of the plate with PZT and sensors locations; (b) experimental set-up
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The acquired velocity data at two sensor points, P1 and P2, are then compared to
the results obtained from the WSFE model. Figure 3.11 shows the comparison between
experimental data and the WSFE simulation results for tone burst signal with central
frequency of 25 kHz while figure 3.12 shows the comparison for 50 kHz excitation
frequency.

Figure 3.11

Response comparison for 25 kHz input

Response comparison for 25 kHz input at (a) P1 and (b) P2
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Figure 3.12

Response comparison for 50 kHz input

Response comparison for 25 kHz input at (a) P1 and (b) P2
The experimentally acquired velocity profiles show very good agreement with the
WSFE simulation results for all the four cases (two sensor locations and two excitation
frequencies). These results demonstrate the capability of WSFE (and UEL) model to
accurately predict the wave motion in composite plates even at high frequencies such as
50 kHz.
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3.4.2

Plate with impacted area
To study a plate damaged by an impact, the stiffness is reduced by 50% in the

impacted area which is placed in the middle of the plate length. Figure 3.13 shows a
schematic view of the plate which is modeled in fixed-free configuration. The square
plate dimensions are 0.4 m along X- and Y- axes, while L1  L2  0.19 m and

Ld  0.02 m . The thickness of the plate is 0.008 m. Three elements are used to model the
plate using UEL while FEM uses 6,400 elements to capture the wave propagation
accurately.

Figure 3.13

Schematic view of a plate with impacted area

Schematic view of a plate with impacted area shown in blue. Red dots shows the points
that results are obtained at

62

Figure 3.14

Transverse wave propagation in a plate with impacted area

Transverse wave propagation in a plate with impacted area (a) response at the plate tip,
(b) response at the midpoint of the impact (right edge)
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The 3.5 cycle 20 kHz tone-burst input load is applied on the free edge of the plate
in the transverse (Z) direction and results are compared at the two points shown in figure
3.13. Figure 3.14 shows the comparison of time domain results between UEL and FEM at
both points. Partial reflections from impacted area are observed clearly in both cases. The
first wave packet (incident wave) and reflections from the impacted area show excellent
match. The fixed boundary reflections show some differences in wave arrival times
largely due to differences in element types as noted earlier.
It is often instructive to visualize the wave propagation in complex structures.
Employing dummy elements to define contact surfaces, tie, or visualize while using UEL
has been reported in [46] and the same approach is used here to visualize wave
propagation in the impacted plate. Dummy elements share the same nodes as UEL and
have a negligible stiffness. A python script is written to produce a new output database
file to assign the displacements to each node of dummy elements. Figure 3.15 shows
wave propagation in the impacted plate at two different time instances where we clearly
observe the incident wave (figure 3.15(a)) and the wave reflected from impact region
(figure 3.15(b)).
A comparison between run time for UEL and FEM simulations is shown in table
3.3 along with the number of elements used. The CPU time for UEL is 1252 seconds
while it is 3955 seconds for FEM, that is, UEL is more than 3 times faster than FEM.
Table 3.3

CPU time comparison – Impacted Plate
Number of elements

Element type

Time (sec)

UEL

3

WSFE

1252

FEM

6,400

8-noded Shell Elements
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3955

Figure 3.15

Visualization of wave propagation in an impacted plate

Visualizing of wave propagation in an impacted plate and symmetric lay-up of
0 / 90 / 0 / 90s at (a) 80 µs and (b) 240 µs. Partial reflection from the impacted area is

visible in part b
3.4.3

Plate with ply drop
A 1.5 m long and 0.5 m wide plate with ply drops (figure 3.16) is modeled to

demonstrate the ability of UEL in simulating such complexities. . The plate has eight
plies at the root (line GH) and its thickness reduces to 4 plies at the tip (line AB) wherein
each ply thickness equals 0.001 m. The plate is fixed at the left end (along line GH) and
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all other edges are free. The 3.5 cycle, 20 kHz tone-burst excitation is applied at the free
edge (AB) in the axial (X) direction.

Figure 3.16

Schematic view of a plate with ply drops

For UEL modeling, the plate is divided in to three regions along the x-axis. The
first region, from the fixed end to line EF has the layup of 0 / 90 / 0 / 90s with a
thickness of 0.008 m. The second region, EF to CD has 90 / 0 / 90s layup and 0.006 m
thickness. The last region has  0 / 90s lay-up and 0.004 m thickness. Since there are two
discontinuities in the plate (two ply drop parts), three elements are used to model using
UEL. FEM model needs 30,000 elements for the same simulation.
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Figure 3.17

Axial velocity response of a plate with ply drops to tone-burst signal

Axial velocity response of a plate with ply drops to tone-burst signal (a) Response at
plate tip, and (b) Response at midpoint of line CD
Table 3.4

CPU time comparison – Plate with ply drops
Number of elements

Element type

Time (sec)

UEL

3

WSFE

1252

FEM

30000

8-noded Shell Elements

67

16434

Figure. 3.17(a) shows axial velocity measured at the plate tip. As expected, two
reflections are observed before the fixed end boundary reflection arrives. The ply drops
act as discontinuities and the first two reflections are associated with the first and the
second ply drops, respectively. For the measurement point located at midpoint of line CD
(figure 3.17(b)), there is only one reflection observed before the boundary reflection
arrives. Table 3.4 shows the run time comparison between UEL and FEM simulations
showing more than 13 times higher computational efficiency for UEL.
3.4.4

Folded plate
A 1.5 m long and 0.5 m wide plate with two folds is modeled to examine the UEL

ability for simulating structures in 3D space. The entire structure has a symmetric lay-up
of 0 / 90 / 0 / 90s with 0.008 m thickness. The fold lines divide the structure in to three
parts: two slanted plates and one main plate (figure 3.18) and all three parts have the
same dimension of 0.5 m  0.5 m . The Two slanted plates have a 45 degree angle with
the X-axis (rotation about Y-axis). In figure 3.18 the coordinate system with red color (XY-Z) shows the global coordinate system and the coordinate systems associated with each
element is shown in blue. The plate is fixed along AB and GH edges. The 3.5 cycle 20
kHz tone-burst input load is applied at EF edge in Z-direction with the spatial distribution
given previously in Eq. 3.23.
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Figure 3.18

Schematic view of a folded plate

Schematic view of a folded plate. The coordinate system with red color (X-Y-Z) shows
the global coordinate system and the coordinate systems associated with each element is
shown in blue
Since the fold lines act as discontinuity, three elements are used for UEL
modeling to represent each region (two slanted plate and one main plate). The three
elements are assembled along the local 1-direction. For this purpose a transformation
matrix, as given in Eq. 3.21 and 3.22, is applied to obtain the stiffness matrix in global
coordinate system for each element. The FEM model needs 30,000 elements for the same
simulation.
Axial and transverse velocities are compared at two points, midpoints of edges EF
and CD, in figures 3.19 and 2.20. Here, the incident wave has a perfect match while some
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differences are observed in the reflection from the fold lines (discontinuity). As it can be
seen in figure 3.19 and 2.20, an axial wave is observed at both of the points in both
simulations. This phenomena shows that a wave mode change happens in the interaction
with boundaries and folding lines (figure 3.21). The incident wave is in Z-direction, but it
propagates in right side plate in both Z- and X-directions due to the angle of the right side
vector respect to the middle one. For the left side plate, the wave hits the folding line and
change to the axial and transverse waves and a part of it reflecting. Figure 3.21 shows
how wave is propagation in a folded plate. Table 3.5 compares the CPU time and number
of elements for both of the simulations. The run time for UEL is 947 seconds while the
same simulation needs 17,964 seconds using FEM. This means that UEL is almost 20
times faster than FEM.
Table 3.5

CPU time comparison – Folded Plate
Number of elements

Element type

Time (sec)

UEL

3

WSFE

947

FEM

30000

8-noded Shell Elements

70

17964

Figure 3.19

Transverse and axial velocity response of a folded plate to a tone-burst
signal. Responses measured at midpoint of line EF
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Figure 3.20

Transverse and axial velocity response of a folded plate to a tone-burst
signal below. Responses measured at midpoint of line CD

72

Figure 3.21

Wave propagation in a folded plate

Wave propagation in a folded plate. Blue arrows represent waves in Z-direction
(transverse waves) and green ones represent the waves in X-direction (axial waves)
3.4.5

Skin-stiffener structure
Stiffened plates are used widely in aerospace and other structures. The main

purpose of using them is the ability of carrying in-plane and out of plane loading. Figure
3.22 illustrates the schematic view of a simplified skin-stiffener structure used to study
wave propagation in this section. The entire structure can be divided to two regions: skin
and stiffener wherein the stiffener has a 90 degree rotation with respect to skin. In this
numerical experiment, the skin has a dimension of 1 m  0.5 m while the stiffener
dimension is 0.5 m  0.25 m . Both skin and stiffener have a symmetric lay-up of
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0 / 90 / 0 / 90s and 0.008 m thickness. The structure is fixed along the edge GH. Load is
applied in Z-direction as a 3.5 cycle tone-burst with 20kHz central frequency acting along
the free edge of the skin (AB) with a spatial distribution given in Eq. 3.23.
Three elements are used to simulate wave propagation in the stiffened structure
with UEL; two elements to model the skin and one element is used for the stiffener. The
assembly of two skin parts is done along the line CD and all three elements share nodes
along line CD. Figure 3.22 also shows the local coordinate system (1-2-3) of each
element in blue color and the global coordinate system (X-Y-Z) in red color. The
transformation matrix discussed previously (Eq. 3.24 and 3.25) is applied on the
elemental stiffness matrices to transform them to the global coordinate system.

Figure 3.22

Schematic view of a plate with stiffener

Schematic view of a plate with stiffener. Global coordinate system (X-Y-Z) is shown in
red and the e local coordinate systems for each element are shown in blue
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Figure 3.23 compares time domain results at the midpoint of edge AB showing
excellent match between UEL and FEM simulations. It is observed that there is a delay
for axial wave arrival at the plate tip. The incident wave is in transverse (Z) direction and
initially there is no axial wave till the transverse wave reaches edge CD (stiffener), and
then reflects back to plate tip after mode conversion. Figures 3.24 and 3.25 show similar
plots for two other locations, namely the midpoint of edges CD and EF, respectively.
Again, there is very good match between UEL and FEM results. Figure 3.26(a) and
2.26(b) show the wave propagation in with the skin- stiffener structure at two time
instants, 120 µs and 512 µs, respectively. Figure 3.26(b) clearly shows that most of the
incident wave is reflected by the skin-stiffener joint and only a small part of the incident
wave gets transmitted in to the stiffener or the skin on the other side of the stiffener.
Figure 3.26(c) shows the wave motion schematically.
Table 3.6 compares run time and number of elements for FEM and UEL
simulations. Again, UEL is about 10 times more efficient compared to the FEM.
Table 3.6

CPU time comparison – Plate with Stiffener
Number of elements

Element type

Time (sec)

UEL

3

WSFE

1117

FEM

22500

8-noded Shell Elements

75

10904

Figure 3.23

Wave motion in plate with stiffener at midpoint of edge AB

Wave motion in plate with stiffener at midpoint of edge AB (a) transverse velocity and
(b) axial velocity
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Figure 3.24

Wave motion in plate with stiffener at midpoint of edge CD

Wave motion in plate with stiffener at midpoint of edge CD; (a) transverse velocity and
(b) axial velocity
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Figure 3.25

Wave motion in plate with stiffener at midpoint of edge EF

Wave motion in plate with stiffener at midpoint of edge EF; (a) transverse velocity and
(b) axial velocity
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Figure 3.26

Visualization of wave propagation in a skin-stiffener structure

Wave propagation in a skin-stiffener structure at (a) 120 µs and (b) 512 µs. Wave
reflections from the stiffener are clearly observed in figure 3.26(b). Figure 3.26(c) shows
blue arrows representing waves in Z-direction (transverse waves) and green arrows
representing waves in X-direction (axial waves)
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3.5

Conclusions
The main objective of this research was to demonstrate the potential of integrating

spectral finite element technique onto conventional finite element platform for efficient
simulations of transient dynamics and wave propagation in 2-D composite structures. A
wavelet spectral finite element based user defined element for 2-D laminated plates was
formulated and implemented in a commercial finite element code (Abaqus). The WSFE is
formulated in frequency domain and all of the variables and parameters are complex
numbers. Since Abaqus (and other commercial finite element solvers) works only with real
values, every complex number is represented as a 2  2 matrix of real numbers and then
presented to Abaqus for processing. Matrix representation of complex numbers leads to
doubling the number of DOFs at each node. Therefore, a spectral element with 64 spatial
(Y) discretization points at each lateral edge is modeled as 128 nodes at each lateral edge.
The resulting plate element has 256 nodes with five DOFs at each node.
Five numerical examples were presented to demonstrate the ability of the newly
developed element to model complex structures: healthy plate, plate with impact damage,
plate with ply drop, plate with two folds, and plate with stiffener. A 3.5 cycle tone-burst
load with 20 kHz central frequency was used to excite the structure. For the healthy case,
UEL and WSFE responses matched completely validating the UEL formulation. For all
numerical examples presented, UEL and FEM (Abaqus) results compare very well, except
for a few minor differences likely due to the differences in element formulations. It was
shown that UEL captured the reflections from boundary, discontinuity, and damaged areas
correctly. A python script was written to visualize UEL results to get a better understanding
of wave propagation.
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The CPU time for the UEL in all five example is much less compared to the same
simulation for FEM. For a healthy case, the CPU time for the UEL was 11% of FEM.
Similar number for the other four numerical examples, namely, impact damage, ply drop,
folded plate, and stiffener was 32%, 8%, 5%, and 10%, respectively. Therefore, UEL was
shown to be preserving the computational efficiency of the WSFE along with the ability to
model complex features using facilities available in Abaqus.
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CHAPTER IV
SHM USING ENHANCED CROSS-CORRELATION METHOD (MCCM)
An enhanced cross-correlation method (ECCM) is proposed in order to localize
damages in plates. Three major modifications are applied to the cross-correlation (CCM)
method in order to improve its capabilities: actuator-sensor configuration, signal preprocessing, and signal post-processing. A new actuator-sensor configuration is
introduced which is capable of locating damages outside of the enclosed area by the
sensors and minimizes instrumentation requirements. A new method to calculate the
group velocity in order to reduce the complexity of the signal processing is proposed.
Finally, a Gaussian weight with a normal distribution is applied to the results in order to
minimize the effect of the secondary reflections. Numerical simulation is performed
using commercial FE software, Abaqus and WSFE-based UEL. Two different
configurations were tested in numerical part with two damage scenarios. Experimental
studies were carried out using a PZT transducer as an actuator and a laser Doppler
vibrometer (LDV) as sensor. In all of the numerical and experimental tests, it is shown
that the proposed method is capable of detecting the damage location with a significant
precision compared to the non-modified method.
4.1

Introduction
Evaluation and monitoring of engineered structures in order to detect possible

damages is key to structural safety. Ultrasonic scan, eddy current, radiography, acoustic
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emission, and passive thermography are among the most common nondestructive
evaluation (NDE) methods. However, current NDE methods are time-consuming, often
require structural disassembly, and cannot be performed during operational use. A
structural health monitoring (SHM) system capable of performing efficient and on-line
diagnostics is highly desirable for damage detection purposes. SHM systems based on a
network of integrated sensors and actuators may monitor the structure periodically or
continuously with minimum human interaction. SHM is needed to implement the
condition-based maintenance, replacing the current scheduled-based maintenance,
leading to significant reduction in life-cycle cost of structures.
During the last couple of decades, a number of SHM techniques have been
developed by researchers around the world for both metallic and composite structures.
References [2–5,30] provide reviews along with details of some of the SHM techniques.
Guided wave (GW) base methods (mostly Lamb waves) are among the most popular
methods due to their sensitivity to the small size damages, large area of coverage, and
low attenuation. Lamb waves are elastic waves guided between two parallel free surfaces
of a plate [4], and their interactions with damages cause anomalies in wave propagation
patterns. Reflection and scattering of propagating waves from damages is a well-known
fact which can be employed and interpreted for damage detection and localization
purposes.
Signal processing plays a vital role in extracting damage information from
simulations and experimental data. Due to the dispersive nature of the Lamb waves,
accurate identification of localized events is required to determine the location of the
damage in the structure. Delay-and-sum, RAPID, wavefield imaging and cross83

correlation can be mentioned as some of the prominent signal processing methods
involved in SHM. Cross-correlation is a signal processing method which measures the
similarity of two signals. The deviation points between two signals appear as peaks in
cross-correlation. Veidt et al. [64] proposed a method to localize damage in a plate by
performing a cross-correlation. Using the Hilbert transform, envelopes of scattered and
excitation signals are calculated. Cross-correlation is then performed between these two
envelopes in order to find the time of flight (ToF). The damage index (DI) of each point
on the plate is then calculated to form the map of the plate. The maximum detected DI is
an indication of damage location. Performing cross-correlation in order to detect or
localize the damage has been reported by other researchers as well [65–67]. Zhao et al.
[68] introduced a new technique named RAPID which is a reconstruction algorithm for
the probabilistic inspection of defects; in this work, a wing panel was used to test the
proposed RAPID method, and the obtained result suggested that the damage can be
successfully localized. Wavefield imaging is another SHM method which has been
extensively studied by researchers worldwide [69–74]. The wavefield imaging method is
suitable for the damage detection of complex structures such as stiffened panels and
wings. In the wavefield imaging method, a structure is divided into small grid points, and
the acquired signal at each point is used to make an image of the whole plate. Despite of
its capability in detecting and localizing damage, the wavefield imaging method is very
time-consuming and not suitable for contact methods of sensing such as PZTs and large
structures due to its high number of sensing points.
Piezoelectric (PZT) transducers have been known to be among the most attractive
Lamb wave generation/sensing methods due to their light weight and low energy
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consumption. Despite these advantages, mounting a network of PZT transducers on a
structure introduces undesired changes on the stiffness and mass distribution. The
induced changes cause reflections from transducers that can significantly influence the
measurements and complicate the signal processing [75]. Embedding or mounting a
large number of PZTs is difficult or sometimes impossible for rotating objects such as
wind turbine blades. Therefore, non-contact actuating/sensing methods are more
desirable for these structures. Sohn et al. [72] described and investigated the non-contact
excitation and sensing method using a laser excitation source and scanner laser Doppler
vibrometer (SLDV) in order to detect a damage location in a plate. SLDVs and aircoupled transducers are the most popular non-contact sensors for signal acquisition
[67,70,71,73,74,76,77]. Not to mention, it has been shown that the signals acquired by
SLDVs and PZTs are identical [78].
Most of the Lamb wave base methods need a baseline signal referred to as the
pristine state. The signal acquired from the current state of a structure is compared to the
baseline data, and any significant change indicates the presence of a damage. A relatively
simple way of damage detection is to subtract the baseline signal from the current signal
and apply the triangulation technique to localize the damage [7,79]. However, such
methods only work for structures without any complex features.
Many of the damage detection techniques are based on beamforming method [64]
(figure 4.1). In the beamforming method, the Lamb wave generated by a transducer
scatters when interacting with a damage. The scattered wave from the damage is sensed
by a sensor and ToF converted to the traveled distance based on the group velocity and
arrival time. The beamforming has been broadly applied for different damage detection
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purposes by involving appropriate signal processing methods such as cross-correlation,
delay-and-sum, etc. [64,67,80–82].
Actuator-sensor configuration has been confirmed to be a significant factor in
wave propagation-based SHM, and has been explored by investigating different
configurations [80,83,84]. Using PZTs as both actuator and sensor at the same time is the
common configuration [64,67,68,76,85–89]. If N represents the total number of discrete
transducers spatially distributed in an array, there are N(N-1)/2 possible actuator-sensor
combinations. The configuration has a high capability in localizing damages located
within or very close to the area surrounded by sensors.
Localizing the damages located far outside of the area surrounded by sensors is a
major disadvantage of common sensor configurations. Also, some of the damages
detection methods have difficulties in predicting the position of damages due to the
secondary reflections (reflections from the boundary, secondary reflections from damage,
etc.). SHM methods have been introduced by researchers in order to overcome this
problem, but many of these methods involve very complicated and computationally
expensive signal processing techniques [85].
In the current research, a circular sensor configuration and enhanced crosscorrelation method (ECCM) are introduced to localize the damage in an aluminum plate.
The proposed sensor configuration has the ability to detect and localize damages outside
the area enclosed by sensors, unlike other commonly investigated sensor configurations.
The ECCM is a computationally efficient method with the potential to be used as a realtime in situ damage localization method. The current method improves the precision of
damage localization by eliminating the secondary reflections from damage index
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computation. In the following sections, a brief introduction to the cross-correlation
method and the proposed enhanced cross-correlation method are presented. Results for
two numerical studies and experimental investigation are discussed followed by the
concluding remarks.

Figure 4.1

Lamb wave damage detection using beamforming

Lamb wave based damage detection. (a) wave scattering from the damage; (b) parameters
for ToF calculation. The terms d1 and d2 give distances of actuator to damage and damage
to sensor, respectively.
4.2

Cross-Correlation Method (CCM) for damage detection using Lamb waves
Cross-correlation is a signal processing method which measures the similarity of

two signals. Cross-correlation of functions f(t) and g(t) is the convolution of f*(-t) and
g(t), where f* denotes the complex conjugate of f.


( f  g )( )   f * (t ) g (  t )dt


(5.1)

Here,  denotes the cross-correlation between two functions. Cross-correlation
has been used extensively in different disciplines for pattern recognition [90], single
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particle analysis [91], electron tomography [92], signal processing [93], cryptanalysis
[94], and neurophysiology [95].
Utilizing the cross-correlation and beamforming in order to predict the damage location
using Lamb waves, was proposed by Veidt et al. [64] which showed successful damage
detection in a plate. In this method, the first step is to calculate the scattered signal by
subtracting the incident signal from the acquired signal.

ri (t )  uiD (t )  uiI (t )
D

where ui

(5.2)

and ui are acquired and incident signals, respectively, and ri , is the scattered
I

D

signal. The term ui is the obtained signal from the damaged structure. The next step
includes applying the Hilbert transform to the incident signal at excitation point and
scattered signals in order to obtain their envelopes:

1  ri ( )
d
  t  
si (t )  ri (t )  jri (t )

ri (t ) 

(5.3)

uis (t )  si (t )  ri 2 (t )  ri 2 (t )
where

ri (t ) is the Hilbert transform of the scattered signal. Combining the scattered

signal and its Hilbert transform gives a complex analytic signal,

si (t ) , with its absolute

s

value given by ui (t ) . The absolute value of the complex analytic signal represents the
envelope of the signal.
The cross-correlation between the envelopes of the scattered signal and the
excitation signal is determined by the following equation:
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T

Ci (t )   u is ( ) F (  t )d

(5.4)

0

s
Here, u i and F are the envelopes of scattered and excitation signals, respectively,

and T is the duration of scattered signal. Considering u is (m) and F (m) as discrete
signals, Eq. 4.4 in discrete form can be expressed as:
k

Ci (n)   u is (m) F (m  n) ,

m  0,1,..., k

(5.5)

m0

and n  0, 1,..., k . This equation, will be used to find the deviation points between
healthy and damage case signals in order to define the damage index (DI).
Suppose there are N sensors and the damage is located at some point P(x,y).
Considering the ith actuator-sensor path, the time taken by the wave to travel from the
actuator to the damage and scatter to the sensor can be calculated as follows.
ti ( x, y ) 

where

x

t

 x    yt  y  
2

2

x

s
i

 x    yis  y 
2

2

Cg

(5.6)

( xt , yt ) and ( xis , yis ) represent the coordinates of the transmitter and sensor,

respectively, and C g is the group velocity of wave propagation. The structure is divided
into small pixels and

ti

is calculated for each actuator-sensor path, assuming that the

damage is located in that pixel. Then the damage index (DI) of each pixel is determined
by superimposing the cross-correlation results of all actuator-sensor paths:

DI ( x, y) 

1 iN
[Ci  ti  x, y  ]2

N i 1
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(5.7)

where, (x,y) are the centroid coordinates of each pixel and N is the number of sensors.
The square of the cross-correlation values is used to minimize the effect of any possible
mismatch in the first wave packet between the healthy case and damaged case. It reduces
the noise of non-damage part of the signal and amplifies the change due to the damage.
For a single actuator-sensor path, this method maps to an ellipse with foci located
at actuator and sensor. In the work reported by Veidt et al. [64], PZTs are distributed in a
rectangular shape and they work simultaneously as actuator and sensor. The method is
capable of localizing a damage in a plate within the area enclosed by the sensors.
However, secondary reflections from the boundaries cause difficulties in correctly
predicting the damage location following the method of [64].
4.3

Enhanced Cross-Correlation Method (ECCM) for damage detection Using
Lamb Waves
The proposed enhanced cross-correlation method (ECCM) applies a three-step

modification to overcome the drawbacks of cross-correlation method (CCM). First,
actuator-sensor configuration is changed to a circular pattern with an actuator at the
center and sensors located around it. This is followed by introducing a new method to
calculate the wave group velocity and then modifying the post processing of the signals.
These modifications are explained in details in the following sections.
4.3.1

Actuator-sensor configuration
One of the most popular actuator-sensor configurations is to mount N PZTs in a

square shape spatial distribution followed by their simultaneous application as both
actuator and sensor. While the ith PZT acts as an actuator and generates the signal, the
other PZTs serve as sensors. Subsequently, (i+1)th PZT generates signal which is received
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by the rest of PZTs. Consequently, this method results in N(N-1) actuator-sensor paths.
This configuration is capable of detecting damages encircles by the PZTs. However,
detecting damages outside of the enclosed area is difficult using this configuration. The
modified configuration consists of a single actuator and six sensors located on a circle
with radius r and each separated by 60 degrees (figure 4.2). The actuator is located at the
center of the circle. Signals can be acquired at sensing points using SLDV or PZTs.

Figure 4.2

Schematic view of sensor configuration

(a) Schematic view of the first sensor configuration, and (b) Schematic view of the
second sensor configuration covering larger area of plate. Si shows the sensor locations
whereas D1 and D2 are the first and second damage scenarios, respectively.
The proposed configuration is capable of detecting damages inside and outside of
the area enclosed by the sensors, which is a significant improvement compared to the
traditional configuration. In addition, the proposed method can employ the noncontact
sensing methods (e.g., LDV) to acquire data at sensor locations. This modification greatly
reduces the complexity of attaching a large number of PZTs, provides the flexibility to
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sense at any number of desired points on the structure, and significantly reduces the
instrumentation requirements. This is of great importance in large structures, such as
wind turbine blades (with proposed length of up to 100 meters), where mounting or
embedding a large number of actuators/sensors is not suitable. It is worth mentioning
that newly developed SLDV is capable of acquiring signals from large distances up to
300 meters [96].
4.3.2

Signal pre-processing
All of the experimental tests are subjected to the noise due to the environmental

effects and test condition. It is always desirable to minimize the noise effect by increase
the signal to noise ratio. The most common way is to apply a filter to the signal to get rid
out of unwanted frequency contents. That is why the acquired signals from the sensing
points are band-pass filtered (10 kHz-300 kHz), while acquiring it, in order to improve
the signal to noise ratio. Not to mention that, signal filtering is not needed for numerical
simulations thanks to the absence of noise unlike the experimental studies. Traditionally,
to calculate the group velocity a time of arrival (ToA) versus distance plot is used. For
each actuator-sensor path, arrival time is obtained by finding a threshold crossing point of
the envelope of the wave. The arrival times are plotted versus the corresponding path
length (distance between the actuator and sensor) to create the graph. A linear trend line
is constructed and its slope is defined as the group velocity and the time axis intercept is a
fixed time offset. This time offset is used in calculations in order to shift the ToF which
increases the complexity of signal processing part. In our proposed method, the fitted line
is adjusted to cross from the origin of the graph to avoid having time offset in order to
reduce the complexity of the signal processing. Figure 4.3 compares the discussed
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methods in calculating the group velocity. In both of the cases the slop of the fitted line is
considered as the group velocity of propagating wave. Using the traditional method, the
group velocity and time offset have been calculated as 2208.29 m/s and 2.6329 µs. Our
proposed method has calculated the group velocity as 2139.82 m/s with no time offset.
Assuming that the propagating wave travels a distance of 0.2 m, the arrival time, using
the traditional method, is determined as:

Tarrival 

Distace
 toffset
Groupe Velocity

(5.8)

which is 9.32 µs. Since there is no offset time associated with our proposed method, the
arrival time, using Eq. 4.8, is 9.35 µs. The differences between these two methods is less
than 0.5% which confirms the accuracy of the proposed method.

Figure 4.3

ToA vs. distance plot for group velocity calculations

Actuator-sensor distance versus calculated time of arrival (ToA). The slope of the fitted
line is considered as group velocity.

93

4.3.3

Signal post-processing
All of the practical structures have discontinuities, such as boundary, whose

reflections are inevitable. Most of the wave propagation based SHM methods have
difficulties in damage detection when the acquired signals contain the reflections from
these discontinuities. In order to solve this problem, a major modification is applied to
obtain the damage index (DI):

DI ( x, y) 
Here,

1 iN 2
 Ci ti  x, y  .wi  , 
N i 1

(5.9)

Ci is the cross-correlation between the envelopes of scattered signal and excitation

wave, and wi  ,  represents a Gaussian window function with a normal distribution
having a standard deviation of  and mean of  . The damage detection is based on the
first deviation between the acquired signals from the healthy and damaged cases. The
first peak in the

Ci indicates the first deviation point which is used to determine the time

of flight (ToF) for a propagating wave to travel from the actuator to the damage and
scatter to the sensor. The other peaks show other deviation points which are mostly due to
the boundary reflections. These peaks (due to the boundary reflections) reduce the
accuracy of damage index calculations and consequently affect the damage localizing
results. In order to focus the damage index measurement on the first deviation point and
avoid other flections (e.g., boundary reflection, second reflection from damage, etc.), a
normal distributed weight (Gaussian) is applied on the cross-correlation of the excitation
and scattered signals. The weight function has a mean, ν, centered at the first peak of

Ci .

The proposed method minimizes the effects of secondary reflections, thereby increasing
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the precision of damage localizing. Figure 4.4(a) shows a summary of ECCM while
figure 4.4(b) illustrates a comparison between CCM and ECCM. The results of the two
methods (ECCM and CCM) are compared to each other in the next section.

Figure 4.4

Schematic view of ECCM

(a) Schematic view of ECCM. (b) Comparison between CCM and current method
(ECCM). Shaded parts show the modifications.
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4.4

Numerical experiments
In this section, the ECCM is investigated using numerical experiments for two

damage scenarios and two actuator-sensor configurations. Commercial finite element
software, Abaqus, is employed to simulate Lamb wave propagation in a damaged plate in
the absence of experimental data. The plate is modeled with 8-node shell elements. Shell
elements are reported to have good agreement with experimental results in the literature
[76]. The plate has the dimension of 0.53 0.53 0.0015 m3. The PZT actuator is
simulated separately to apply an out-of-plane load in order to generate Lamb waves. A
schematic view of the plate is illustrated in figure 4.2, and dimensions and material
properties of the plate are noted in table 4.1. The location of the actuator is assigned as
the origin of the coordinate system.
Table 4.1

Material Properties and plate dimensions

Elastic Modulus (E)

70 GPa

Length

0.53 m

Poisson’s Ratio (ν)

0.333

Height

0.53 m

Density (ρ)

2700 kg/m3

Thickness

0.0015 m

The size of the elements is chosen based on the fact that 20 nodes are required to
span along a wavelength for accurate predictions [20] and the final model consists of
70019 elements. A 5.5 cycle Hanning windowed sinusoidal tone burst with 120 kHz
central frequency is used as the excitation signal. Six nodes are defined as the sensing
points, and out-of-plane displacements are recorded at these nodes to be used in damage
index calculations. Two different configurations are tested to investigate the robustness of
the proposed method to the sensor locations. The coordinates of sensors in each
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configuration are listed in table 4.2 and table 4.3. Figure 4.2 shows a schematic view of
these two configurations.
For each sensor configuration two damage scenarios are considered. In the first
damage scenario, the damage is located at (0.11 m,0.09 m) to investigate the ability of the
proposed method in localizing the damages located outside the enclosed area by the
sensors. In the second scenario, damage is positioned at (0.0,-0.05 m) to test the ability in
detecting damages located inside the area surrounded by the sensors. The damage is
modeled as a circular-shape hole with 0.0095 m radius. The locations of the sensors and
damages are summarized in table 4.2 and table 4.3. Hereafter, case 1, 2, 3, and 4 are used
to refer to first damage scenario in first sensor configuration, first damage scenario in
second sensor configuration, second damage scenario in first sensor configuration, and
second damage scenario in second sensor configuration, respectively.
Table 4.2

Coordinates of the actuator, sensors, and damages for the first sensor
configuration

Actuator

(0.0,0.0)

S3

(-0.04,0.069) S6

S1

(0.08,0.0)

S4

(-0.08,0.0)

D1

(0.11,0.09)

S2

(0.04,0.069)

S5

(-0.04,-0.069) D2

(0.0,-0.05)

Table 4.3

Coordinates of the actuator, sensors, and damages for the second sensor
configuration

Actuator

(0.0,0.0)

S3

S1

(0.17,0.0)

S4

S2

(0.04,-0.069)

(0.098,0.17) S5

(-0.098,0.17) S6
(-0.17,0.0)

(0.098,-0.17)

D1

(0.11,0.09)

(-0.098,-0.17) D2

(0.0,-0.05)
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The group velocity is calculated by plotting the distance versus time of arrival and
forcing the fitted line to pass through the origin at t=0 second as explained in section
4.3.2. For demonstration purposes, the wave propagation at two different time instants is
shown in figure 4.5 including interactions with a damage (indicated by the white circle in
the upper right part of the plate).

Figure 4.5

Abaqus simulation of wave propagation

Abaqus simulation of wave propagation in the plate for the first damage scenario; (a)
t=30 µs and (b) t=100µs. The reflection from the damaged area and boundary are clearly
observed.
4.4.1

Numerical simulation results
Numerical simulation is performed using commercial finite element software,

Abaqus, as described in section 4.4. Based on the acquired out-of-plane velocity at six
sensing points and by using Eq. 4.2, the residual signal at each sensing point is calculated
by subtracting the scattered (damaged case) signal from the incident (healthy case) signal.
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The Hilbert transform is applied on the residual signal and the excitation signal (incident
wave at the excitation point) to form the complex analytic signal. The corresponding
absolute value of these complex analytic signals are calculated to obtain the envelope of
each signal. The process was discussed in details in section 4.2, Eq. 4.3. Then, using Eq.
4.5, the cross-correlation is performed on the envelopes to find the first deviation point
(first damage reflection) between the two signals. Following the details in section 4.3.3, a
weight function with a normal distribution is applied on the results in order to minimize
the effect of secondary reflections. Figure 4.6 shows the results obtained at the fifth
sensor of the first sensor configuration for the second damage scenario. Figure 4.6(a)
illustrates the signals for the healthy case, damage case, corresponding residual signal,
and envelope of the residual signal. Figure 4.6(b) demonstrates the cross-correlation
results, before and after applying the Gaussian normal distributed weight. It is clear that
the applied weight function cuts off all the secondary reflections which leads to better
damage localizing results.
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Figure 4.6

Captured signals for numerical studies

Signals captured at the fifth sensor for case 1. (a) signals from the fifth sensor: Blue, red,
black, and green curves represent the signal from healthy plate, damaged case, the
residual signal, and the envelope of the residual signal, respectively; (b) the crosscorrelation results for the fifth sensor (S5): The black, red, and blue curves show the
damage index (DI), the weight function, and the windowed damage index.
The plate is divided into 71,554 pixels and damage index at each pixel is
calculated (as described in section 4.3.3) by summing and averaging the obtained results
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from the six sensing points (Eq. 4.9). Figure 4.7 illustrates the damage detection results
for the case 1. The areas in dark red have higher damage index (DI). Figure 4.7(a) shows
the results considering only the sixth sensor (one path), wherein the possible damage area
forms an ellipse with foci located on the actuator and the sixth sensor. It is clearly
observed that the actual damage is located on the predicted elliptic damage area. Figure
4.7(b) shows the damage detection results considering all of the six sensors to reconstruct
the image. The black circle shows the actual damage location which is located in the
predicted damage zone. In order to further localize the damage, a binary image is created
by using only the highest 5% of damage intensities (that is, ignoring damage intensities
less than 95% of the maximum intensity) of the image in figure 4.7(b). The binary image
provides a better understanding about the exact location of the damage. Figure 4.7(d)
illustrates the damage detection results using the CCM (non-modified method).
Comparing figure 4.7(c) with figure 4.7(d) large improvement by enhancing the method
(CCM to ECCM) can be seen clearly. The ECCM localizes the damage with only 0.007
m error, while the CCM method’s error is 0.18 m. Figure 4.8 shows similar results for the
case 2. The details about this configuration is listed in table 4.3. The obtained results
show that the ECCM is a robust method which predicts damage location accurately
irrespective of sensor configuration. Similar to the first sensor configuration, the actual
damage is located on the predicted elliptic damage area using only one sensor. Using all
of the sensors to reconstruct the plate image, the predicted damage location has a very
small error compared to actual damage location. Comparing 0.006 m error of ECCM with
0.42 m error of CCM in predicting the damage location, the significant improvement in
damage localization results using our proposed ECCM method is very clear. Figures 4.9
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and 4.10 demonstrate the damage detection results for the case 3 and case 4, respectively.
Similar to the previously discussed cases, a huge improvement is observed in predicting
the damage location for the second damage scenario using ECCM. Errors in damage
localization results are listed in table 4.4 and table 4.5.
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Figure 4.7

Damage detection results for the first configuration and first damage
scenario

Damage detection using current method (ECCM) for the case 1: (a) damage index with
one path (actuator-S6 path), (b) damage index considering all of the paths, (c) binary
image created from figure 4.7.b by cutting off DIs below 95% of the maximum DI, (d)
binary results from CCM (non-modified method). Black star, black crosses and black
circle represent the actuator, sensing points and damage location, respectively. The color
bar on the right side of each figure shows DI values.
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Figure 4.8

Damage detection results for the second configuration and first damage
scenario

Damage detection using current method (ECCM) for the case 2: (a) damage index with
one path (actuator-S6 path), (b) damage index considering all of the paths, (c) binary
image created from figure 4.8.b by cutting off DIs below 95% of the maximum DI, (d)
results from CCM (non-modified method). Black star, black crosses and black circle
represent the actuator, sensing points and damage place, respectively. The color bar in the
right side of each figure shows DI.

104

Figure 4.9

Damage detection results for the first configuration and first damage
scenario

Damage detection using current method (ECCM) for the case 3: (a) damage index with
one path (actuator-S1 path); (b) damage index considering all of the paths, (c) binary
image created from figure 4.9.b by cutting off DIs below 95% of the maximum DI, (d)
results from CCM (non-modified method). Black star, black crosses and black circle
represent the actuator, sensing points and damage place, respectively. The color bar in the
right side of each figure shows DI.
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Figure 4.10

Damage detection results for the second configuration and first damage
scenario

Damage detection using current method (ECCM) for the case 4: (a) damage index with
one path (actuator-S1 path); (b) damage index considering all of the paths, (c) binary
image created from figure 4.10.b by cutting off DIs below 95% of the maximum DI, (d)
results from CCM (non-modified method). Black star, black crosses and black circle
represent the actuator, sensing points and damage place, respectively. The color bar in the
right side of each figure shows DI.
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Table 4.4

Damage detection error using ECCM. First actuator-sensor configuration
Actual damage Predicted damage
location (m) location (m) using
ECCM

First damage scenario
second damage scenario

Table 4.5

(0.104, 0.086)
(0.0, -0.042)

Predicted damage
location (m) using
CCM

Error (m)

0.007
0.008

(0.27, 0.19)
(-0.054, -0.34)

0.18
0.29

Damage detection error using ECCM. Second actuator-sensor
configuration

First damage scenario
second damage scenario

4.5

(0.11, 0.09)
(0.0, -0.05)

Error (m)

Actual damage Predicted damage
location (m) location (m) using
ECCM

Error (m)

Predicted damage
location (m) using
CCM

Error (m)

(0.11, 0.09) (0.108, 0.084)
(0.0, -0.05) (0.002, -0.048)

0.006
0.003

(0.27, -0.34)
(-0.034, -0.344)

0.57
0.29

Experimental studies
Experimental investigations were performed (figure 4.11) using an aluminum

plate with dimensions consistent with numerical part to validate the proposed method
(ECCM). The plate has a dimension of 0.53 m × 0.53 m and thickness of 0.0015 m. A
piezoelectric (PZT) actuator with 6 mm dimeter and 0.5 mm thickness was bonded to the
surface of the aluminum plate using epoxy adhesive. The excitation wave is generated by
an Agilent 33220A function/arbitrary waveform generator (5Vpp) which is consequently
amplified by an A.A Lab Systems’ A303 high voltage amplifier and modulator (up to
100Vpp). A tone burst excitation (5.5 cycle) with 120 kHz central frequency is used to
generate Lamb waves in the aluminum plate using PZT actuator. A laser Doppler
vibrometer (Polytec OFV–5000 with OFV–500 laser head) is employed to acquire the
out-of-plane wave motion at six sensing points (S1, S2, S3, S4, S5, and S6) (figure 4.11(a)).
For the experimental part only first sensor configuration was considered since the
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robustness of the ECCM to sensor configuration was examined in numerical experiments.
The center of the bonded PZT is assigned as the origin of the coordinate system and the
coordinates of the sensors are listed in table 4.2. For each sensing point, the signals are
recorded forty times and then averaged to further minimize the effects of random noise.

Figure 4.11

Experimental set-up

(a) Experimental set-up; (b) plate, PZT and magnet
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The sampling frequency of 2.56 MHz along with a band-pass filter (10 kHz-300
kHz) is employed in order to increase the signal to noise ratio. Similar to the numerical
simulations, two damage scenarios are considered. Damages are represented by two disc
shape magnets (r=12.5 mm, h=4.8 mm) attached to both sides of the plate at predefined
locations, (0.11,0.09) and (0.0,-0.05), corresponding to the first and second damage
scenario, respectively. The measured signals for the healthy case and the first damage
scenario are shown in figure 4.12. The residual signal (Eq. 4.2) and its associated
envelope (Eq. 4.3) are included in the figure for demonstration purposes.

Figure 4.12

Captured signals for experimental studies

Signals captured at the first sensor for the first damage scenario. Blue, red, black, and
green curves represent the signal from healthy plate, damaged case, the residual signal,
and the envelope of the residual signal, respectively.
4.5.1

Results and discussion
One of the advantages of the ECCM is that noncontact sensing method may be

used for actual measurements. In this research, the out-of-plane displacement is obtained
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using laser Doppler vibrometer (LDV) at six sensing points. The group velocity is
calculated based on the proposed method given earlier in section 4.3.2. Figure 4.3
illustrates the ToA versus distance plot for experimental results to calculate the group
velocity where the slope of the fitted line indicates the group velocity. For each damage
scenario, the residual signal of each sensing point is obtained by subtracting the scattered
(damaged case) signal from the incident (healthy case) signal, as per Eq. 4.2. The Hilbert
transform is applied on the residual signals in order to calculate their envelopes (Eq. 4.3).
The cross-correlation, as described in section 4.2, (Eq. 4.5) is performed on the envelopes
of the excitation signal and the residual signal in order to find the first deviation point.
Following the detailed procedure given in section 4.3.3, a Gaussian weight function (with
a normal distribution) is applied on the results to minimize the effect of the secondary
reflections. The plate is divided in to 71,554 pixels and the damage index (DI) for each
pixel is calculated using Eq. 4.9 by summing and averaging the results from the six
sensing points.
Figure 4.13 illustrates the results of the damage detection for the first damage
scenario using our proposed method (ECCM). The areas in dark red have higher DI
values. Figure 4.13(a) shows the elliptic damaged area formed when one path is
considered (using only the sixth sensor). As mentioned in Section 4.2, the foci are located
on the actuator and the sixth sensor. The actual damage is shown using the black circle
and it is clear that it located in the predicted damaged area. Figure 4.13(b) shows the
damage detection results considering all of the sensors to reconstruct the DI image. It is
clearly observed that the predicted damage location is very close to the actual damage
location. Figure 4.13(c) is a binary image created by using only the highest 5% of
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damage intensities (that is, ignoring damage intensities less than 95% of the maximum
intensity) of the image in figure 4.13(b). The binary image provides a better
understanding about the exact location of the damage. Figure 4.13(d) illustrates the
damage detection results using the CCM (non-modified method). Comparing the figure
4.13(c) with figure 4.13(d) shows clear improvement obtained by the ECCM. It is evident
from the results that minimizing the effects of the secondary reflections, by applying the
weight function, improves the damage localization results significantly. The ECCM
localized the damage with 0.01 m error, while the CCM’s error is 0.096 m.
Figure 4.14 illustrates the damage detection results for the second damage
scenario. Figure 4.14(a) shows the obtained results using only one sensor, first sensor.
The results by considering all of the sensors are illustrated in figure 4.14(b) and figure
4.14(c) is a binary image of the figure 4.14(b). Comparing the figure 4.14(c) (CCM
method) with 4.14(d) significant improvement can be observed in the results which is due
to the minimizing the effect of the secondary reflections by applying the weight function.
The ECCM localized the damage with 0.004 m error, while the CCM’s error is 0.07 m.
Errors in damage localization results using ECCM and CCM are listed in table 4.6.

111

Figure 4.13

Damage detection results for the first damage scenario in experimental
studies

Damage detection using current method (ECCM) for first damage scenario: (a) damage
index with one path (actuator-S6 path), (b) damage index considering all of the paths, (c)
binary image created from figure 4.13.b by cutting off DIs below 95% of the maximum
DI, (d) binary results from CCM (non-modified method). Black star, black crosses and
black circle represent the actuator, sensing points and damage place, respectively. The
color bar on the right side of each figure shows DI.
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Figure 4.14

Damage detection results for the second damage scenario in experimental
studies

Damage detection using current method (ECCM) for second damage scenario: (a)
damage index with one path (actuator-S1 path); (b) damage index considering all of the
paths, (c) binary image created from figure 4.14.b by cutting off DIs below 95% of the
maximum DI, (d) results from CCM (non-modified method). Black star, black crosses
and black circle represent the actuator, sensing points and damage place, respectively.
The color bar on the right side of each figure shows DI.
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Table 4.6

Damage detection error using ECCM. Experimental results.

First damage scenario
second damage scenario

4.6

Actual damage Predicted damage
location (m) location (m) using
ECCM

Error (m)

Predicted damage
location (m) using
CCM

Error (m)

(0.11, 0.09) (0.12, 0.088)
(0.0, -0.05) (0.004, -0.052)

0.01
0.004

(0.166, 0.168)
(0.008, -0.12)

0.096
0.07

Damage localization in a composite skin-stiffener structure using UEL
The 2-D WSFE-based user defined elements were introduced in chapter 2. A

skin-stiffener structure was modeled using these elements and the results were given in
section 3.4.5. In this section, the wave motion data obtained from WSFE-based user
defined elements are used as the baseline data (pristine state) to localize a debond in the
skin-stiffener joint. In all of the examples presented in this section, the displacement data
obtained from FEM simulations are used as field data (in the absence of experimental
results) to represent the damaged case.

Figure 4.15

Schematic view of a propagating Lamb wave in a plate
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The group velocity in a plate is a function of frequency, thickness, density, and
elastic modulus [26]. For a plate of uniform thickness made of an isotropic material, the
group velocity is constant in all directions. Due to the anisotropic nature of composite
materials, the elastic modulus of a laminate depends on the direction. Hence, the group
velocity of a propagating wave is direction-dependent in composite plates. Figure 4.15
shows a schematic view of a propagating wave in a plate and its interactions with a
damage. Assuming the plate is made of an isotropic material, the group velocity of
propagating wave is independent of direction and has the same value for both β and α
angles (𝐶𝑔 (𝛼) = 𝐶𝑔 (𝛽)). For a composite plate, wave speed differs from angle to angle
and 𝐶𝑔 (𝛼) ≠ 𝐶𝑔 (𝛽). This phenomena can be observed clearly by comparing the slowness
diagram of an isotropic and anisotropic material (figure 4.16). Figure 4.16(b) and 4.16(d)
present the out-of-plane displacements obtained from numerical simulations in Abaqus
for isotropic and anisotropic plates, respectively. The slowness diagrams figure 4.16(a)
and figure 4.16(c) are obtained by acquiring the out-of-plane displacements at 10 points,
evenly distributed in 10 degree intervals.
The ECCM was originally developed for isotropic materials and for an
anisotropic material with direction-dependent group velocity some modifications were
made. Eq. 4.6 is modified to account for this varying group velocity with propagation
direction:
ti ( x, y ) 
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Here, Cg ( ) is the group velocity of the propagating wave which depends on the
t
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s
s
propagation direction,  . The ( x , y ) and ( xi , yi ) represent the coordinates of the

transmitter and sensor, respectively.

Figure 4.16

Slowness diagram

The slowness diagram comparison of an isotropic and anisotropic plates. (a) slowness
diagram of an isotropic plate, (b) wave propagation in an isotropic plate, (c) slowness
diagram for a cross-ply composite laminate, (d) wave propagation in a cross-ply
composite laminate.
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In this numerical experiment, the skin has a dimension of 1 m  0.5 m while the
stiffener dimension is 0.5 m  0.125 m . Both the skin and the stiffener have a symmetric
lay-up of 0 / 90 / 0 / 90s and 0.008 m thickness. Material properties are listed in table
2.1. The structure is fixed along the edge GH. The debond was modeled at the middle of
the bond line as shown in figure 4.17(b). The length of debond is 0.04 m and has a height
of 0.005 m. The modeled was excited at the AB edge (see figure 4.17(b)) using a 3.5
cycle tone burst signal with 40 kHz center frequency. The out-of-plane displacement
time-history was recorded at six sensor locations as shown in figure 4.17(b) and given in
table 4.7 and this FEM model is used as the damaged structure. The skin-stiffener
structure modeled with WSFE-based UEL which is described in chapter 3 (section 3.4.5),
is utilized for baseline data generation, and the out-of-plane displacements were recorded
at six sensing points (figure 4.17 and table 4.7). The Origin of the coordinate system is
located at point B.
Table 4.7
Actuator
S1
S2
S3

Coordinates of actuator, sensors and damage for skin-stiffener
(0.0,0.25) m
(0.11,0.25) m
(0.18,0.129) m
(0.32,0.129) m

S4
S5
S6
D1
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(0.39,0.25) m
(0.32,0.371) m
(0.18,0.371) m
(0.5,0.25) m

Figure 4.17

Schematic view of a skin-stiffener with a debond

Schematic view of a skin-stiffener with a debond between skin and stiffener. PZT
actuator and sensing points are shown in red and blue dots, respectively.
Figure 4.18 shows the comparison of the transverse velocity obtained at S1, the
midpoint of edge EF, and the center of plate CDGH for the heathy case and the damage
case. The effects of debond are clearly visible in the response. Once the panel debonded,
the wave reflected from the skin-stiffener joint has a smaller amplitude due to the reduced
stiffness of the boundary it is reflected from. While a reduction in amplitude of the
transmitted wave to the stiffener in the damaged case is observed (due to the lower
stiffness of stiffener), the amplitude of the transmitted wave beyond the skin-stiffener
joint shows an increase in the damaged case.
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Figure 4.18

Wave motion in damage and healthy skin-stiffener structure

Wave motion in damage and healthy skin-stiffener structure at (a) point S1; (b) Midpoint
of edge EF, and (c) center of plate CDGH. Blue and red lines represent the healthy and
damage cases, respectively (Abaqus simulations).
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Figure 4.19

Transverse velocity response

Transverse velocity response of (a) healthy and (b) damaged skin-stiffener structure for a
3.5 cycle tone burst with 40 kHz central frequency (Abaqus simulations).
Figure 4.19 illustrates the wave propagation results at different time intervals for
healthy and damage structure. The time intervals are selected to show the response before
and after incident wave interaction with skin-stiffener joint. It is clear that the reflection
from stiffener was significantly weakened due to the debond.
Based on the recorded out-of-plane displacements, the group velocity is
calculated using the ToA versus distance plot. The residual signal, at each sensing point,
is calculated by subtracting the damaged case signal (FEM) from the healthy case (UEL).
The Hilbert transformations are calculated following the procedure described in section
4.2. The cross correlation is calculated and a Gaussian weight function (with a normal
distribution) is applied on the results as discussed previously. The results for six sensing
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points are summed and averaged for each point to obtain the damage index. Figure
4.20(a) shows the out-of-plane velocities recorded for pristine structure (baseline) and
damaged structure, corresponding residual signal, and envelope of residual signal,
respectively (recorded using S5 sensor). Figure 4.20(b) shows the cross-correlation of the
envelope of the residual signal and the excitation signal before and after applying the
weight function.
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Figure 4.20

Captured signals for stiffener-skin structure

Signals captured at the fifth sensor. (a) signals from the fifth sensor: Blue, red, black, and
green curves represent the signal from healthy case, damaged case, the residual signal,
and the envelope of the residual signal, respectively; (b) the cross-correlation results for
the fifth sensor (S5): The black, red, and blue curves show the damage index (DI), the
weight function, and the windowed damage index.
Figure 4.21(a) shows the possible locations of the damages detected by S3 sensor.
The possible damage locations have high damage indices shown in dark red. As shown in
the figure, the possible damage locations lie on an ellipse. Similarly, the possible damage
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locations (ellipse) were generated using the rest of the sensors. Once generated, six
ellipses showing the possible damage locations are available. Then damage locations are
combined to calculate the total damage index.
Figure 4.21(b) shows the damage image resulted by combining all possible
damage locations. Figure 4.21(c) is a binary image created from figure 4.21(b) by using
only those intensities that are higher than 95% of the maximum intensity. Binary image
provides a better understanding about the exact location of the damage. It is clear that the
proposed procedure (baseline data generated from UEL and signal processing through
ECCM) is capable of accurately identifying the damage location of in a relatively
complex structure.
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Figure 4.21

Damage detection results for the skin-stiffener

Damage detection using current method (ECCM): (a) damage index with one path
(actuator-S3 path), (b) damage index considering all of the paths, (c) binary image created
from figure 4.21(b) by cutting off DIs below 95% of the maximum DI. Black star, black
crosses and black circle represent the actuator, sensing points and damage place,
respectively. The color bar in the right side shows DI.
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4.7

Conclusions
The main objective of this research was to develop a new SHM method capable of

localizing damages in structures while minimizing the number of the sensors,
instrumentation requirements, and complexity of signal processing. An enhanced crosscorrelation method (ECCM) was introduced and the results were compared to the crosscorrelation method (CCM). Three major modifications were made to the CCM method in
order to improve its capabilities in localizing damages: actuator-sensor configuration,
signal pre-processing, and signal post-processing. A new actuator-sensor configuration
was proposed in order to minimize the instrumentation requirements and add the ability
of using non-contact sensing methods. All of the obtained signals were band-pass filtered
to increase the signal to noise ratio. A new method was introduced to calculate the group
velocity of wave propagation. A time of arrival (ToA) versus actuator- sensor distance
was used and the fitted line adjusted to pass from the origin of the coordinate system,
instead of defining a time offset which increases the complexity of signal processing.
Residual signals were obtained by subtracting the incident signals from scattered signals.
Envelopes of residual signals and excitation force were calculated using Hilbert
transform. Cross-correlation was performed on the envelopes of the excitation signal and
residual signals to find the deviation points. A Gaussian weight, with a normal
distribution, is applied on the results obtained from cross-correlation in order to minimize
the effect of the secondary reflections.
A numerical model based on commercial finite element software, Abaqus, was
used to investigate the capabilities of the proposed method (ECCM). The ECCM was
validated using experimental tests. Two different actuator-sensor configurations were
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investigated through numerical models, but only one of them was used in experimental
studies. In experimental tests, signals were generated using a PZT attached to the plate
and acquired using laser Doppler vibrometer (LDV) at sensing points. All of the results
were compared to CCM (non-modified method) to quantify the level of improvement in
damage localizing.
Two damage scenarios were used to investigate the robustness of the method to
damage location: inside of the area enclosed by sensors and outside of the area enclosed
by sensors. The proposed method (ECCM) detected and localized damage in the plate
successfully while the earlier method (CCM) was unable to localize it correctly, in all of
the investigated cases. In numerical studies, first actuator-sensor configuration, ECCM’s
error in localizing the first and second damage scenario was 0.007 m and 0.008 m,
respectively. For the same configuration, the error of CCM in localizing the damage was
0.18 m and 0.29 m. For the second actuator-sensor configuration, the error of ECCM in
localizing the first and second damage scenarios was 0.006 m and 0.003 m. The CCM
localized the same damages with 0.57 m and 0.29 m error. The error of ECCM in
localizing the damage, in experimental studies, was 0.01 m and 0.004 m associated with
the first and second damage scenarios. The localizing error using the CCM was 0.096 m
and 0.07 m for the first and second damage scenarios respectively. All of the numerical
and experimental studies proved the significant improvement in localizing the damage
using the ECCM.
A skin-stiffener structure was modeled using Wavelet Spectral Finite Element
(WSFE) based User Defined Elements (UEL) in Abaqus commercial software
environment. An identical skin-stiffener structure was modeled using the Finite Element
126

Method (FEM) and a disbond was modeled within the skin-stiffener bond line. The
models were excited with a 3.5 cycle tone burst signal with 40 kHz center frequency. The
out-of-plane velocity of the wave motion was recorded at six sensing locations. The
velocity data recorded from the structure modeled with UEL was used as the baseline
data, and the velocity data obtained from the FEM model was considered as the data from
the damaged structure. The baseline data and damaged structure data were then processed
using the enhanced cross correlation method (ECCM) in order to determine the location
of the disbond of the damaged skin-stiffener structure. The ECCM was developed by
improving the Cross Correlation Method (CCM), wherein the improvements included the
modification of actuator-sensor configuration, modification of group velocity calculation,
and utilization of windowed signals. The improvements implemented in the ECCM
reduced the number of sensor/actuator combinations, reduced the data processing
complexity and minimized the effects of structural discontinuities. It was shown that the
proposed procedure (baseline data generated from UEL and signal processing through
ECCM) was capable of accurately identifying the damage location of in a relatively
complex structure.
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